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INTRODUCTION

I.Iﬂiamical domains. By a ¢lazsical demain we shall understand an irre-
dueible bounded symmetric domain (in the space of several complex varia-
bleg) of one of the following four types:

(1) The domain Ry of m X n matrices with complex entries satisfying the
condition TTT

™ g, (Fd-'?—‘--"'_'
Here '™ is the identity matrix of order m, Z* is the com plex conjugate of
the transposed matrix Z°. (H>0 for a hermitian matrix & denotes, as
usual, that I is pesitive definite.)

{2_] The domain Hy of symmetric matrices of order r {with complex
entries) satisfving the condition

I _gzsp, CL

() Thf! deomain Ry, of shew.symmetric matrices of order n (with com-
plex entries) satisfying the condition

a ']
IMI+EE:‘ I:I_ DF,-E-LII_'
(4} The domain Ry of r-dimensional (n>2) vectors
2=z, 2, -, 5) .f’_f,, DI (2= 1,J
(2 are complex numbers) satisfying the conditions®
|22° *4-1 — 222" =1, =] <1,

The complex dimension of these four domaing is ma, nin-+1),/2, nin— 102,
R, reapectively.

The author has shown (cf. L. K. Hua (3] that Ty can also he regarded
asa hnmugelenem.ﬂ: space of 23 n real matrices. Therefore, the study of all
1]1?59 dc":lrjwms. can be reduced to a study of the gacmetry of matrices,

n 1235, E. Cartan (1] proved that there exist only aix types of irreduci-

ble homogeneous bounded syvmmetric domains. Beside the above four
types, there exist only two; their dimensions are 18 and 27. OF course

|
I T‘rnj_r;lla.h-r's mote (90, h. unless atherwise noded, these werds refer i the Russian traps-
u!lor:l. n;e al.nd thmugﬁ?uh the suthor considers & vector ss a0 matris of ane sow and n
columns. =0 27 s 0 maknx of ane colump and § rewa (the tranegpose of the matric 20,

&
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these two types are rather special. The problem of the explicit deseription
of these two types iz still open.

The purpoze of the present book is to study harmonic analysis on the
clazsical domains, (The exact content of this harmonic analysiz will be
outlined loter.)

I1. Characteristic manifolds. Let It be a bounded homogeneous domain
in the Zr-dimensional Euclidean space of B complex varables 2= (2, 25, « <+,
z.), and f{z) an analytic function of z, regular in N. [t i3 known that the
maximum of the modulus of the function f{z) iz assumed on the houndary
of B, Let € be_a-manifold on the houndary of i having the following
properties; —=. /<ol heunderg )

{a) The modulus of every analylic function regular in IR assumes its
AR o5 & .

{b) For every point o on @ there exists a function f(z), regular on |,
such that the modulus of fi2) assumes itz maximum at z=a,

Such a manifold @ is called a characteristic manifold of the domain &,
We should mention that € is in general a proper subset of the houndary,
and that the dimenzion of € may be much less than 2rn— 1. It iz clear that
& iz uniquely determined by 3. It is easy to show that @ iz closed, and
that an snalytic function which iz regular in a neighborhood of each point
of € is uniguely determined by its values on €, Hence it follows that the
real dimension of € is not less than r, We shall denote by £ the variable
on &, and by didE” and § the metric and the element of volume of &,

Clearly, in the definition of € it is encugh to consider only linear func-
tions instead of all analytic functions.

We desenibe the charactenstic manifolds of the classical domains.

(1) & consists of the m ¥ matrices U satisfving the condition

uE.-= ;Inl.

(2} &y; conzsizts of all symmetric unitary matrices of order n.

(3) &,y is defined differently for even and odd n. If n iz even, then &,y
conzists of all skew-zymmetric unitary matrices of order r. If n is odd,
then & gy consists of all matrices of the form

unLr,
where L7 iz an arbitrary unitary matrix and

p—(L83) 4 (L2 3) 40

(4) G consists of the vectors e®x, where x is a real vector such that
5 A

The manifolds &, &y, &y and By have real dimension mi{Zn—m),
rln+11/2, nin—1)/24- (14 (= 1) {n—1)/2 and n, respectively.

These characteristic manifolda are homogeneous spaces. Furthermore,
any point of @ can be carried into any other point of @ by a transforma-
tion leaving a given point of | invariant. The general theory of harmenic
analyzis on homogeneous spaces has been developed earlier (of. E. Cartan
(1L H. Weyl [1]}; however, the method presented in this book gives more
precise and more useful results,
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2.5. The volume of I, The domain i (the Lie-sphere) consists of all
r-dimensional complex vectors z satisfying the conditions

lzz' B | — 222" =0, {2.5.1)

|2z’ |'< 1. (2.5.2)

We show that these two inequalitiez can be replaced by one, First we re-
write the inequalities (2.5.1) and (2.5.2) as

(| —22F 2 (z2'f—| 22’ 2= (z2')— 1. (2.5.8)

From {2.6.3) it follows easily that
zzt < 1. i2.5.4)
The firat of the inequalities (2.5.3) implies {since zz° =|z='|) that

l—gr = oz P —| 225 (2.5.5)

Therefore all vectors 2 satisfying the inequalities (2.5.1) and (2.5.2) also
saticfy the ineguality (2.5.5),

On the other hand, every vector satisfyving (2.5.5) obviously szatishes
(2.5.1). Furthermore from |22°] =227 and (2.5.5) we can deduce |22/] =1,
e, (252, Therefore the domain Ry can be defined by the single in-
equality (2.5.5).

THEoreEs 2.0.1. For a>—1 aad g —(r+w)
Lyt = [ (1 —22 —VEZP— |22 )"
v

g A wreen = Lan Tia L 1 [2.5.6)
K{ H"'l' (zz |-E'-:"-.I::'a'= P-IP(etn) atffn

In particular, for a=g=0 we obfain a formula for the volume of the do-
main Ry,

ViR . L (2.5.7)

gl g

D T o N — b L L] L il
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TPERLLAL RUILS JUT @12} BNALYEWC in & cloged circular domain with its center

at the origin and z lving inside the domain,)
4. The characteristic manifold of the domain Ry consists of vectors of

the form ¢*x, where0=@<r, and r— & ] :
- Ll 2 =X g .'_tﬂ} iz a ma] ¢
satisfies the condition s’ =1 ' vector which

Hiz, 6, x 1
: :I re F':'En'] [ix ==t FAREY — g _,i_-}.l'lﬂ\-'? * H:-T-!.l}

It is easy to caleulate the magnitude of the volume V& )

i)
41

o(z)

4.8. The Paisson kernel for cireular domains. Suppose that ¥, just as in
§4.5, 5 a star-shaped circular domain, and € its characteristic manifnld
tranzilive with respect to the group Iy of motions of B which leave l.hu::
arigin unchanged. Then, by Theorem 4.6.1, there exists a Cauchy kernel

Vil =

for the domain B, and Cauchy's formula holds for any function Jiz) which
is analvtic in T and on its houndary.
Setting, in particular, &
F(y=H(z, w) g (£
where giz) is an arbitrary function which is analytic in f and on its
boundary, we have
Hiz, @) g (2) :_{mz. BHHE g6 L
&

For =z, we obiain Poisson's formula

gia)= [P g @k (4.8.1)
i
where the kernel
_ H@E@zBHE N {4.3.2)

P{I:- E]—_ H'(:IE"

has ceeured above under the name of the Poisson kernel of the domain .
Up to now we have established that formula (4.8.1) is valid for analytic
ziz); yet it can be extended to other classes of functions too (see §5.3).

closure of The LNEAT SPAam O TNt SYSWLL Ry 190 § Wees gueaser - ]
If it satisfies the conditions of Theorem 4.6.3, then the Peisson kernel

can be written in the following simple form:

1 L r
Piz. k) —--m‘“"::- 2 L.

In conclusion let us list the Poisson kernels for the classical domains

(4.8.4)}

Note that: Gamma(N+1) = N! for integer N; Gamma(1/2) = sqrt(pi); Gamma(N+1) = N Gamma(N)
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ITL DOTNCASeS M= .
(4) For Ry

b

=] [ o e 7 2
S e st L )&
s VB lz—f=—fm " {4.8.9)

where £ .
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