
{a rurf,1 #,t i i ,.;J

; * . '  .

' , - . * t .

" t 4 : "
l'iixu'
: ; s  r , )
-!.x-'
K]f
# . .
d r .
. * , - ,  "

0n  t he  i - nva r  i an t  se t s o f  a  [ ; r n i  1 y  o f  q r r ; r d r a L  i  c  r r : e P s

1 1  . F .  B a r n s l " y , *  - 1  . S .  G e r o n i m o f  a . n .  H a r r i n g t o n

Schoo l  o f  l l a themat i cs
C lo r :g ia  I nsL . i Lu le  o f  Techno logy
; \ t l an ta ,  C r :o rg ia  30332  (USA)

De cr :mbi :  r  19 Bl

by

i . . : . : . t . t j  1 . .  i  j  r  - " ' 1 . '  :  1  :  r '  . ' "

. : . , i0 . , , , , , . r . .  j4 ' f  f_  : . ;a )
t " , : : ' /

i t Q r r r r r r n l f o d

{ S r : p p o r t e d

grant  I ICS-8104862

grant  I1CS-8002731

b y  N S F

b y  N S F



"l

l

Abstract

The Julia sets B^ belonglng to a famlly of rnappings T :0 -r c where

tr is a parameter is invegt',igated. ?he nappings are defined by Tr , = 1[-z)z
A

for  each z e C and ) ,  e  R.  For  I  > 2"  Bl .  is  descr ibed and an assoclated

invar iant  measure is  constructed.  The resul t ing system is  shown to be

isourorphic to a Bernoul l i  system. The corresponding or thogonal  polynoraia ls

are eonsldered in deta i l ,  and are shown to general - ize Tchebychef f  polynomials .

1  , - ,  1
fo r  -  

f ,<  
) \  <  2 ,  and fo r  l f  l  .  

iw i th  
I  e  [ ,  the  na ture  o f  B^  as  a  subset

of the complex plane is character ized and described. The relat ionship

between B and the theory of iterated mappings from a real interval into

i t se l f ,  i s  exp la ined .



t . In t roduct ion

In th is  paper we consider  a fami ly  of  invar iant  sets which are associated

wi th a one-parameter  fami ly  of  quadrat ic  maps f rom the complex p lane G into

i tse l f .  The parameter  is  ) . ,  which may be real  or  complex,  and the napping

T . : G + G  i s  d e f i n e d  b y
A

T I ,  
=  ( \ - r )2

f ^ r= l - ) , 22 ,

z e U . .

For ), # 0, re lated to the nappingT^ is

( 1 )

( 2 )

the context  of  i terated maps,  see

Col let  and Eckmann [9]  and the references

which has been extensively  s tudied

Feigenbaum f111,  and a lso the book

therein.  The re lat ionship is

an

by

- 1
=A-T t rA , (3 )

where A is the affine transformation

A z  =  ) t -  ) t z , A . - L r = L - z / \ , . {4 )

tu
T l i s  usua l l y  v i ewed  as  a  mapp ing  f rom the  rea l  i n te rva l  [ - 1 ,1 ]  i . n to  i t se l f ,

and then ), l ies in the interval lOrZ7. This is equivalent to looking at

T.  as a mapping f rom the in terval  [0r2L]  in to i tse l f ,  which again corresponds
n

to I  e  [0,2] .  In  these cases not ice that  the cr i r ica l  va lues of  t r ,  a t  which

occur such phenomena as the first appearanc" ot:t-"ycles and the onset of

tuTr



The invariant set which r,re study wil l be denoted by B , and is among

those  f i r s t  examined  by  Fa tou  [10 ]  and  Ju l i a  [ 16 ]  i n  t he  con tex t  o f  an  a r -

b i t rary rat ional  t ransformat ion.  I ,J i th  the notat ion

t l ,  =  z ,  and t l * t "  =  r^( r lz )  for  n  e  {0 , I ,2 , " ' } , ( 5 )

B^ can be def ined to be those points in  the complex p lane where the sequence

r-Il r
t f ^ z i  i s  no t  no rma l .  Th i s  de f i n i t i on  i s  t he  s ta r t i ng  po in t  o f  t he  su rvey

by  B ro l i n  [ 71 .  Howeve r ,  we  r v i 1 l  adop t  a  d i f f e ren t  app roach .

We beg in  r v i t h  t he  se t  t l  o f  f o rma l  ob jec t s  { f t  ( I  t  ( I t . . .  ad  i n f i n i t um

where a l l  possib le sequences of  p lus and minus s igns are inc luded.  Then we

see l i  a  co r respond ing  subse t  B l  o f  che  comp lex  p lane  wh ich  possesses  a l l  o f

the propert ies which are suggested by f i^ .  To see what  these propert ies are,

and why they are of  in terest ,  le t  us pretend for  the moment that  t^  makes

computat ional  sense,  and descr ibe br ief ly  the resul ts  of  some numer ical  exper i=

ments which we carr ied out  at  the incept ion.

For  var ious sequences of r  say,  f i f ty  p lus and minus s igns and for  var ious

values of  I  we calculated the nr :mbers

e rg< ld i c  behav io r ,  a r  e  t he  same fo r  bo t l ' r  mapp ings .

f o r m a t i o n L s z + 1 2 - ^ .

1' ,o trr.s J

- T I < 0 < f i w e s e t

<0

( ' lT.

Another  equivalent  t rans-

(6 )

( 7 )

For cornplex number s z = t"i0 tith

{ ;  = G " to lz,

-  i ( 0 / 2 + T t )  : c
f e r r

i ( 0 /2 - r )  :  c
r  E  I I

- ' r  <0

0  <0

,/i

G

and

_G= ( 8 )



firls prescrlption corresponds to a leggliyq i>r1g branch cut, The results

which we obtained are essent ial l -y those displayed in Figures 3 to 6 ln

Sect ion 4. The cal-cul-ated set appears to become the unit  c irc le

lu ,  a l  l " l  =  l ]  as  I  approaehes zeror , ' ioh i l s t  fo r  t r  =  2  l t  l i es  th ick l -y

on the real interval  [0141. For 0 S tr  < 2 more connpl icated f igures were ob-

tained: for tr - 0.7 the set looks something like the boundary of a holly

leaf.  For l>2 Lt was found to l ie upon the real axis and to consist  of

d is t inc t  po in ts

Noting that when I = 0 the unit circle is actually an invariant set for

T^. whi lst  for ) t  = 2 the real interval  [0r4] ls an invariant set for Trr
U '

it becomes cl-ear that what we are tracking in the above calculations l-s a certal-n

invariant set of  T^. This being the case, the subset of this set vhich l ies

on the real- line must be an invariant set for the restriction of the mapping

to the real l ine. Now, a k-cycle for T^;R +L is an invariant set;  and i t

tu
appears.thaL 3^ moves gradually from the com.plex pLane onto the real line, with

increasing real- l, and this movement is coincident wLth the occurence of

real- k-cycles for higher and higher k values, Thus, it ls natural to associate

tu
with a k-eycLe of T^ one of the members of B^ whLch has a recurring- sequence of

plus and minus signs with period k. For example, one anticipates that

l ,+  V11'+ / (X ' - . , l ( I -+ {1- . . . (e)

is associated with a 2-cycle of T^. I{'hen it first becomes real one expects that

a real 2-cycle has first appeared for that vali-re of 1,.

The set B^r to -be associated direct ly with H^ wi l l  possess the kinds of

peroperties indicated above. Tt thus provides insight into the behavior of

the real- map and into such phenouena as the cascades of bifurcations, the

Feigenbar.rm numbers, and the'onset of (nontr iv ial)  ergodic propert les. In the

end B^ becomes a convenient notation and mremonic f,or thinking about the detailed

s t ruc ture  o f  B^ .



Simi lar  ce- ' rnprutat ions to the ones ment ioned above have been made by

Mand leb ro t  i 191 ,  vho  has  p roduced  some beau t i f u l  p i c tu res  o f  B^ .  He  v iews

B^ as an example of  a f racta l  set ,  and a lso as an at t ractor  for  an appropr iate ly

;dbf ined (general ized)  d iscrete dynarnical  system, based upon inverse mappings '

One reason why we f i rs t  became interested in  81 was because i t  arose for

I  = 3 in  the context  of  the Diophant ine Moment Problem (D.M.P.)  t : : .  This

appeared in an at tempt to predict  the cr j - t ica l  ind ices for  Is ing

model  la t t ice gases,  basing the invest igat ion upon the fact  that  cer ta in

re lated ser ies seem to involve only in teger  coef f ic ients The Diophant ine

ldoment  Problem is  th is :  c lass i fy  as a funct ion of  the posi t ive parameter  I

the positi-ve measures o such that .::

o 
= 

{t* 
do(x) (10 )

(1  1 )

The measure which

is an integer for each ne {0 ,1,4'"} .  The problem was completely solved

for ) ,  < 4 and largely solved for t r  = 4 ( leading, incident ly,  to a novel

resolut ion for a one-dineasional Is ing model).  For -  )  ) ,  > 6 i t  was shotrn

that there exists a transformation upon the generat ing funct ion

c^(w) = 
{^#*)- 

.

which yields a new generating function gY(w) with tr < 6.

is  associated wi th the la t ter  a lso has the Diophant ine property .  I lowever,

the point which is important to us here is that the support of the measure

for  a f ixed point  of  rhe t ransformnt ion was associated wi th f i r .  O,- r t  present

invest igat ion provides resul ts  which may bear d i rect ly  upon the D.M.P.

and cer ta in Is ing rnodels,  and which a lso re late these areas wi th the topic  of

i terated maps of  in tervals .



Our  s t r r r l y  o f  B^  a l so  i r t vo l - ves  r , r t l t e r  a re . l s  o f  t t r t e res t  i n  r i r a thema l l ca l

phys i cs ,  name ly  i nva r i an t  measu les ,  l somorp | i sn rs  o f  sys tems ,  and  o r thogona l

polynomials .  The mot ion of  the Points of  B^ under the mappi . tg  T) . ,  and the

exp l i c i t  cons t r -uc t i on  o f  t he  co r resppnd ing  i . nva r i an t  measu re  i s  o f  i n te res t

i n  i t s  ov rn  r i gh t  ( see  fo r  examp le  Laso ta  and  Yo rke  t -171 )  and  has  been  cons ide red

p rev io ' s1y  by  B ro l i n  [ 7 ] .  He re  r . / e  es tab l i sh  e rgod l c  p rope r t i es  o f  t he

resul t ing system by means of  an isomorphism of  systems,  in  the sense of

Bi l l ings ley t5J.  Also we character ize Lhe invar lant  measure in  terms of  an

assoc ia ted  fam i l y  o f  o r t hogona l  po l ynomia l s .  The  poss ib i l i t y  o f  so  do ing

is  unusual  because of  the s ingular  nature of  the measure.  A d i rect  connect ion

between B^ and a Jacobi  matr ix  is  obta ined,  rvh ich a l lows one to envisage a

physical  system wl ' rose spectrum is  B^.

I { e  have  so  fa r  rnen t i oned  ou r  sub jec t  ma t te r ,  mo t i va t i ons ,  and  ob jec t i ves '

We now sunmrarize what we achieve. In Section 2 rve examine the case 2 < tr < -'

for  which i t  is  known that  Btr  l ies ent i re ly  upon the real  ax is '  Some of

ou r  app roach  may  be  seen  asa  me ld ing  o f l deas  o f  Fa tou  and  B ro l i n '  I n  52 '1

we succeed in a d i rect  const luct ion of  B^ which d isplays i ts  connect ion wi th t^

and shows the operat ion of  T^ on B^ to be equivalent  to  that  of  the r ight-

sh i f t  ope ra to r  upon  the  se t  f , l  o f  ha l f - i n f i n i t e  Be rnou l l i  sequences ;  we  a l so

discover  a d is tance f r . rnct ion which is  natura l  to  B^,  y ie ld ing a s inple demonstra-

t ion that  i ts  Lebesgue measure is  zero r r rhen t r  > 2,  and provid ing a new upper

boi :nd for  i ts  Hausdorf f  d imension.  F lnal ly  in  $2.1 we construct  the measure

upon B^,  which is  invar iant  arrd mix ing under T l ,  by means of  a specia l  sequence

of  approxiunt i r - rg measures.  This measure is  s ingular  wi th respect  to  Lebesgue

measure and has no purely  atomic component .  In  52.2 we establ ish an isomorphlsrn

of  systems which re lates the l -nvar lant  to  the uni form measure upon O, and shows

tha t  t he  ac t i on  o f  T^  upon  B^  has  en t ropy  equa l  t o  l n  2 .  I n  52 '3  t he  app rox i -



l na t1ng  measu res  a re  re la ted  to  a  se t  o f  mon ic  po l ynomia l s ,  o r t hogona l  w l t h

respect  to  the invar iant  measure.  A nethod for  ca lculat ing a l l  o f  these Poly-

nomial -s  is  prov ided,  and eer ta in identLt ies which obta in among the coef f lc l -ents

of  the associated three- term recurrence re lat ions arr 'e  d iscovered.  In terre lat ions

between the polynomials  ref l -ect  the st ructure of  B^.  In  par t icu lar ,  i t  ls

found possib le to complete ly  descr ibe an in f in i te  subsequence of  Pad6 approxl -

mants to the generating function. It is also shor^rn that the polynomials are

none other than the Tchebycheff polynomials r. ihen ). = 2, and that they

general ize the lat ter in a nontr iv ial  way when ^ > 2.

I n  S e c t i o n  3 w e  c o n s i d e r  t h e  c a s e s  - * : l  <  2  a n d  l l l  < | w i t h  t r e  c .

1
In  53 .1 ,  fo r  -  

t :  
f  12 ,  B  is  rea l i zed  as  the  boundary  o f  the  image under

a conformal mapping F^ of the exter ior of  the unit  c irc le,  with the property

Tl o Fl. = Fl, o To ( 12 )

The possib i l - i ty  of  such character izat ions in  general -  was known to Falou:

equa t i on  (12 )  i s  t he  B i i t t che r  equa t i on  ( see  [10 ]  98 )  f o r  T^  abou t  t he  po in t

z = * ,  which is  both a f ixed point  for  T^ and a cr i t ica l  point  for  i ts  inverse,

and i t  re lates the act ion of  T^ on B^ to that  of  TO on BO, the uni t  c i rc le.

We descr ibe the construct ion of  F^ wi th the a id of  a speei f ic  sequence of

analyt ic  funct ions { fo(z)}  which converge to i t .  The corresponding decreaslng

set  of  boundar ies which we obta in,  and which converges to B^,  i l lust rates ln

a more speci f ic  and construct ive manner than is  usual l -y  possib le,  a general

technique in the area of  i terated rat ional  funet ions.  Ihe expl ic i t  fo iut  of

the resul ts  is  a consequence of  having the formulas ) ,  l f i  tor  the two

branches of  the inverse of  T^.  A new type of  approximat ion to B^ is  prov lded by

a second sequence of  analyt ic  funct ions { f * (z)} ,  which are associated wi th

an increasing set  of  bor- r rdar ies,  and whichn in the appropr iat .e sense,  approach

B .  f r om the  " i ns ide . "  Ou r  cons t ruc t i on  t u rns  ou t  t o  be  o f  espec ia l  i n te res t :  we
A

have recentl-y proved t4-i that the sequence of tree-like boundaries in fact con-



verges  to  B l  i t se l f ,  fo r  in f in i te ly  many va lues  o f  t r  e  (O12)  '  In  these l

cases B, ls a "dendri ten and the set CI -  B^ has only one comPonent.
A

In  53 .2 , . fo r  l l l  .  
t  

w i th  l ,  e  l f , ,  we re la te  B^  to  t ^  i t t  a  s im i la r  manner  to
)..

tha t  in  52 .1-  fo r  2  <  t r  <  - .  F i rs t ,  we res t r i c t  a t ten t ion  to  the  case 0  <  l  <  0 .22

in this si tuat ion f^(z) is def ined for a3.L z e l [  such that l t l  = 1, and we show

how the value of f1(. i0) for given 0e[0,2n) can be ident i f ied with a member of

H^, ( t t r is being def ined using a posit ive axj-s branch cut).  Second' we extend

rhe resu l ts  to  the  case I  e  L ,  L  =  { l  e  C l  l l l ' } } ,  by  showing Lhat  r^ (z )  i s

both defined and analytie in l, for tr e L. Last, we show that the family of

funct ions G.(0) = p,( . i0),  where ) ,  be1-ongs to a compact subset of L,  is uni forrnly
A -  A -

I l i i lder cont inuous in 0.

Nuner ica l  resu l ts  a re  i l l us t ra ted  in  Sec t ion  4 '

We thank D. Ruel le for tel l ing us the references to Fatou, Jul ia,

Brolin, and Mandelbrot. our approach, the sea_rch for a meaning for the set

t^,  *u" discovered without these. We have preserved this path in the rewri te,

and have signposted the classical- results as we pass them, The reason is

that,  as wel l  as providing a fresh vier+point,  we f ind the var iety of new results

sumrnarized above.
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9 2 .  T h e c a s e 2 < l < *

2 .L  Const ruc t ion  o f  B ,  and o f  an  invar ian t  measure
A

Throughout this sect ion r .7e assume 2 < ) ,  (  6,  and some the results are

res t r i c ted  to  the  case I  >  2 .  We beg in  w i th  a  d i rec t  cons t ruc t ion  o f  B^

which displays i ts connect ion wit f r  f i . .  This wi l l  be achieved with the aid

of a new distance funct lon which al lows us to obtain a signi f icant improvement

on Bro l in fs  es t imate  ( [7 ] ,  Theorem 12.2)  o f  the  Hausdor f f  d imens ion  o f  the  se t .

Our construct ion shows the operat ion of T^ on B^ to be equivalent to that

o f  the  r igh t -sh i f t  opera tor  upon the  se t  f l  o f  ha l f - in f in i te  Bernou l l i  sequences .

Thus we obtain a concrete and ful ly worked out example of the type of correspon-

dence apparant ly f i rst  Lntroduced by Fatou ([10],  923) in the context of  ar-

bi trary rat ional t ransformations.

l le  wi l l  conclude th is  sect ion wi th the construct ion of  an invar lant

measu re ,  supPor ted  on  B l ,  by  means  o f  an  app rox ima t l ng  sequence  o f  measu res ,

d i f f e ren t  f r om the  ones  used  by  B ro l i n  ( [ 7 ] ,  P .  126 ) ,  w i t h  t he  advan tage  tha t  
a '

t : .

they wi l l  later (sect ion 2.3) turn out to be preclsely the approximations to 
' rT 

:

the measure which come from associated orthonal- polynonials. 
:;ir' 

l

I{e define

a= l+ "4+ /@l  and  f  = t l - { ? ,a1 .  ( 1 )

Notice that a l-s the unl-que nonnegative real number satisfying a = tr + JT and

t h a t  l - { r  > 0 w h e r e  t h e  i n e q u a l i t y  i s  s t r i c t w h e n  l  >  2 .  F o r

t t . ' f t r 2 r 3 "  ' ]  w e  d e f i n e  a  f u n c t i o n  o f  x e  I  b y

srr(x) = I  + "r . l [ r+",  JIr  +. . .  * .r , -1 . l i r  + "Jq)" ' ))

rvhere each e. e t- l ,+l) .  Let g denote the set of  al l  funct ions expressible
1 n

in the form (2),  For n=0 hre def ine s.(x) = x and FO contains only this

fr:nction.



9

onThis l , r ,mr: ia  : - - l io . .+s that  F '  is  a wel l  c le f j .necl  set o f  r ea l  va lued  fu r r c f i ons

I .

LEM}"IA I. L e t  2  <  L  < -  a n d  s r r ( x ) .  F . ,

i n  f a c t

Then s (x) is a real valued function
n

o f  x e  I ;
s i

(3 )srr(x) e r f o r a 1 l  x €  I

Proof .  The Lemma is  c lear ly  t rue for  n=0.  Assume that  i t  is  t rue for  a l l

n  e  { o n 1 r 2 r " ' r N }

"N+1 
. Fp..1 there

for some nonnegative

tu
exists s-.  € F,,  and e

N I \

t- ,-

^, -,tE * ^ -/3*(x) < s"*r(x) = ^ 
V3*(x) 

<| +fi = a,

f o r  a l l  xe  I ,  and  th i s  p {oves  (3 )  f o r  a  =  N  *  1 .

Inle introduce a measure U on I by defining

uE=/
E

*N*r(*) = tr * "Fn, .

s , , (x )  i s  pos i t i ve
N

is real valued.

for al l  Lebesque measurable subsets E

with respect to Lebesgue measure <ln I

this is t rue even when I  -  2).  A1so,

wf-th respect to 1.t on I because J ax =

E

Lebesgue measure zero if and only if

for  a l l  x  e I  by the induct ive hypothesis '

I n  f ac t

i n teger  N.  Not ice  tha t  fo r

e {-1,* l }  such that

(4 )

ind so 1.r*r(*)

(s)

Q .  E .  D .

(6 )

of I. Then U is absoluteLy continuous

' d w
because f  

-"  < co. (Not ice that
i .Gatir")

Lebesgue measure is absolutely continuous

JGftffit du(w). A :iirbset of r has
E

l-ts ueasure wl-th respect to il is zeto.



l 0

Corresponding to ] -1 rve h a v e  t h e  d i s t a n c e  f r r n c t l o n

d(x ,y )  =  l r ( " ) -F (y ) l  ro r

i{-

where we def ine

a l l  x ,  y €  I , ( 7 )

(8 )F(x) = fo r  Xe I*T
Notice that the topol-ogy induced on I by thls netrie

usual topology rshich is associated with the distance

LEI"IMA 2. For give 2 < l. < @, let

dw
I

0

is  just the same as the

f u n c t i o n  l " - y l .

then

(e)

p.r,
Proof .

assume

Without  loss  o f  genera l i t y  we

(10)
F ' ( C )

1
2

s i n c e 0  < I  - t ;  < x < c  < Y < a  < 2 ^ . 1 2 r . d l s c o v e r t h a t
nl

is bo'unded above fy p = 
*

Lst. The lat ter

d(tr + uF ,f  + eI i)  < pd(x,y)

fo r  a l l  x r1 r  €  I  and e  e  { -1 r1} .  l l hen  } ,  >  2 ,  0  (

d( l  +  e \G , l  +  ey ' ; i  =

We use Cauchyts mean value tfi 'eorear.

x < y. We have

d ( x , y )

=11."
l'-

F' ( l+  
"  Vd )

f o r  s o m e  C e  ( x , y ) .

the right-hand*side , -
l-- ), + y'a

inequal i ty is in fact str ict  when \>2, and the Lerma fol l -ovs. q.E.D.



t l

T,EI'IMA 3. Given 2 < I < -

a(s r r ( x ) ,  r r r ( l ) )  5Pn  d (x , l )

f o r  a l l  5Y  e  I ,  and  a l l  
" r , .  Fo ,  where  0  <  p :  

i  
.

so(x) : srr(x;ur) .

Proof, i iThe Lenrna is immediately true for n=0 since s '(x) = x.  Assume that i t

i s  Erue  fo r  a l l  n  e  {0 ,1 - r2 r . . .N}  fo r  some nonnegat ive  in teger  N.  Le t

"N+1 
. Ftt+I, so that (4) is true for some t*. FN. Take x to be 3rt*) and

), ro be ?rtv) in Lemma 2 yielding

d("u+t ( - ) ,  s** r (Y)) '  pd(3r ' r (x) , :N(v) ) (12)

for  any xry € I .  Now apply the induct ive hypothesis  to the r ight-hand-s ide of

( 12 ) .  q .E .D ,

let 0 denote the set of al1 senri-infinite sequences of numbers from

{-1r+1}.  Then rr l  e O i f  and onLy i f  i t  can be expressed

o  =  ( e r r e  
z r e 3 r "  " ) (13)

where each e- is in {- l r+U. In order to indicate the dependence of the functLon
1-

s  ( x )  i n  (2 )  upon  oJ  we  w i l l  w r i t e
n

( 1 1 )

(  14 )

The following theorem Ls related to a genoral resul-t concernlng the

convergence,,of inflnite chains of inverse branches of a ratlonal rnap [7, Iheoreu

6 . 2 f  .
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IU IOBEI I I  Le t  oe  f , l ,  2  <  l  <  @:and xe  I .  Then s (ur )  =  L im sn(x ,u r )  ex ls rs ,
n-)oo

b e l o n g s  t o  I ,  a n d  i s  a  c o n s t a n t  i n d e p e n d e n t  o f  x e  I .

Proof .  F i rs t  observe that  f rom Lenrna 2

d(srr*r(x;trr) ,  srr(x,ul); = d(srr(^*rr*, y'" ;or) ,  srr(x;al))

(1s)

< pn a(l+.rr+lfi, x) < ptc

L ^ - ^  L ^ r l -  ^  , - : + Lfor al l  x e I ,  where both p with 0 < p < 
]  

ana

c = d(l- {i,.)

are constants independent  of  n and x.  Hence,  for  any in teger  p )  0,

(16 )

d(" r r*o(* ;o) ,  sr r (x ;o) )  < p*( t -p) -1 c (17)

and we deduce that {sr.(";ur)}I=O is a Cauchy sequence in I coavergent to

some number s(oJ) in I .  To see that s(o) is independent of x we suppose
.\,

L im s r r (x ; t l )  =  
" (o )  

and L im s . (V ; r r l )  =  s (u l ) ,  fo r  some ye  I .  Then fo r  any  n
nio n-)@ 

tr

(  18)

d ( s ( { d ) , 3 ( r ) )  <  d ( s ( r r r ) , s n ( * ; o ) )  +  a 1 3 1 o r 1  , s r r ( y ; 0 r ) )  +  a ( s r r ( x ; o ) , = r r ( y ; u r ) ) .

The first two terms on the right can be made arbitrarily small by choosing n

suff ic ient ly large. The last term can be made arbi trar i ly smal l  by vir tue

of  Lermna 2 .  Q.E.D.
tu /-----

Le t  I i ^  denote  the  se t  o f  fo rmal  ob jecrs ' { f+ r ' ( l t . / ( l t  . . . -  }  where  a l l

possibl-e sequences of plus and minus signs are included. For 2 < I ( -,



d*:note a subset of the real numbers bv

B l  =  { " ( , r r ) l u re  Q } . (1e)

,{, '

Then Theorem I provides us with an ident i f icat ion mapping fro* H^ onto Bl.

We sinply introduce the notat ion

s(ur)  =r  + er f i l+ err fT}+erf i . . ) (20)

for  the l in i t  prov ided by the thoerem. Theorem 2 wi l l  te l l  us that  the

is  one- to-one when ) .>2,  and in th is  case Theorem 1 provides us wi th an

inver t ib le mapping f rom Q into B^ according to L0 + s(r , l ) .  r t  a lso shows

set  Btr  can be calculated in  pract ice.

Let us def ine T^: 0 + 0 by

T^ ,  =  ( r - l ) '  fo ,  ze  E.

Let us also def ine T:f ,1 + Q to be the lef t  shi f t  operator;  that is

T(e r re r , €3 ,  . . )  =  ( " r r e r , eOr . . . )

The next theorem relates

makes precise the type of

rat ional  t ransformat ions.

mapping

how the

(  21 )

(22)

the action

cbrre,spondence

Not ice that  0 is  an invar iant  set  for  T.

of  T" ,  on 8. ,  to  the act ion of  T on f , l  .  I t
A A

descr ibed by  Fatou  t10 ,52 ; l  fo r  genera l



1,1,

THE0RIM 2. Let 2 <\ < - .  Then B^ is an invarlant '  set for T^r and for any

t r ) e  0 ,

(23)T ^ s ( u l )  =  s ( T u l ) .  e i

I f  l ,  >  2 ,  and i f  o r ,  t r t ,  e  CI  w i th  ^ t t  ^Z , then s (or )  1  s ( r , l r ) '

Proof.  Since T.:C + 0 is cont inuous we have
A

T^s(o) = Lim T^srr(x; t l )
n-)o

for any x e I  and any ulef, l .  But for n > I

(24)

(25 )

b:;::.

ltc

r^so(x;ur) = (( l turi l lr*, ,F"+eo y'x)))- l)2

= ), + "r1{x+urfr"'*"r, f" n = so-r(Ttr;x)

whence

r^s(ul) = Lim so_r(Trrr;x1 = s(Ttrt)
n+@

(26)

This proves (23) and in part icular that T^:B^ * Bl-

Now suppose {orrrl2 e Q with *l * ,2, and without l-oss of generality suppose

t r t ,  =  (e ,  , "2 r i  "  ,aar_ l r l re r r+ I  ,en+2r  " ' )  ,

f&
{s"
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a n d ,

Then

t r l ,  =  (e,  ,82,  ' ' r " r r -1 ,  l r3r r+t r3o+ 
Zr" ' ) . . - -

write ("rr+1,"rr+zr" ' .) = o and (}rr*t, tr+2r1") = i l .

(27)

(2e)

ti-t "(r1) 
= 

"(tt-l 11) = l  +y's(&)) ,

and

n - ]  n - f
ti-' = (rz) = 

" 
(T'-t ^z) = l, - Vs_(r,i) (2s)

Since both s(rrr) and s1fi1 Uotfr belong to I and O d I when I > 2 we conclude

that tr t ,  *  o,  and l>2 i . rnpl ies r l -1 s(or) *  * i - t  s(t t r)  for some n, nhich in

tu rn  imp l ies  s (or )  *  s (oZ) .  Q.E,D.

We consider next shat the set B^ looks like. Let us define inductively

r e a r  p o i n a "  f )  f c r  . ' e  { o ,  L , Z r . . . }  a n d  . Q , . e { l , 2 r . . . , 2 t + 1 }  b y

*fo) =^-{-a , "lo) 
=",

a n d  f o r  n  e  & r  2 r " ' ]  a n d  k  e ' { 1 r  2 r " ' r 2 t - 1 }
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i;

a,

-tll, - r - /;."-t
V zn-zu+z

f,c-it-
V zn-zk+L

* (n )-'2k
{ r t

.,,(n)

2k-L+2\

*(n)
2k+2n

For example,

21

t ( n )  =  ;
[=1

Not lce  t ta t  r (0 )

= | -

t r+

on taking n = k = 1 i n ( 3 0 ) we obtain

,*5t '=tr+ r[t' =rl.t) = ̂  -

F o r  n  e  { 0 , L r 2 r " ' } we int roduce the notat ion

tx$lr, *$',.

=  I .

(  321

s (x;ui)
n

LEMMA 4 Le t  2  <  t r  (  * r  Oe f ,1 ,  x  e  1 ,  and n  e '  {0  r l r2 r " ' } ' Then

. r( t )  for al l  *  > t .  rn part icular,  s(o) e r(*)  '

Proof .  First  we Prove that for al l  xe I  and tr te f , l

9.-(x; t't) .  t ( t ) (  33)

- (n -1)^2k-l

* (n -1)-'2k

(3r)

"fo)

Thl-s is achieved by induct ion. It is true for m=0 bY Lenma 1. Assume that
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i t  i s  t r u e  f o r  a l l  m  e  { O r 1 r 2 r . . .  r N }  f o r  s o m e  n o n n e g a t l - v e

t---- -
f - ; / s * (x ;o i ) .  App ly ing  the  induc t ive  hyppthes is  in  case ( i )

that for uo*. t*CI either ( i) s**r(x;rrr) = f +U/s*(*;t) r or

"*{*;}) .-':, ,-t|lr,-|il)t whence '**rt*;}) ..i, ,";l]llr-*,rjlllilr, ,

J-nteger N.  Observe

( i i )  
"n+ t ( * ; t )  

=

we have

€

@

I  and  app ly ing  (33)  we obra in  Sr , (x ;o r )  .  r ( * )

and using the compactness of r(*)  we obtain

Q . E . D .

and s imi lar ty  i .n  case ( i i )  we f ind s , , , , (x ;ur )  e  1 l r " ! **1)^* ! f *1) l,\-rr ulrt*)i.-i ' 
'x;; rn both

cases  we have (33)  w i th  m =  N *  1 .  Th is  p roves  (13) .

Now let n 2 m and not ice that for some 6 e Q

srr(x;o) = =*("rr-ro(*;fr) ;al) (  34)

Noticing that Srr_r(" ; t )

Taking the lirnit as n -'

s(or) e r( t)  .

We wi l l  say that a set of  points ls a Cantor set i f  i t  is compact,  non-

denr:merabl-e, and contains no i-ntervals. A set l-s perfect if every element is a

l in i t  point of  other members of the set and the set contains al l  of  l ts l imit

points.  The fol lowing theorem summarl-zes the structure of B^ when 2 < tr  < - .

Our proof that the Lebesgue measure is zero makes dlrect use of the dlstance

funct ion d(xry),  and is considerable sirnpler than other approaehes - see for

example [7,  Theoren 10.2].  I t  also prepares thb way for the caLeuLat lon of the

I{ausdorf f  dimension. . l

THEOREM 3. F o r 2 < tr (  - ,  8. ,  is a Cantor set with Lebesgue measure for zero
A -

compact  and per fect .F o r 2 < ) , < o r B ^ i s



P r o o f .  T h a t  B .  i s
A

the rnapping S:O ->

By v i r tue of

t t  6  { 1 r  2 r 3 r "  " ]  .
{ " t

/ \ ^nfl
{ri," '}tu =, abour

uncor:ntable fo l lows f rom the fact  that  f , l  is

B.  is  one- to-one,  when ) ,  > 2.

Lemma 4 the 
"" t  

t ( * )  prov ides a cover i -ng for

fhdn using (30)  and explo i t ing the symmetry

t_8

uncoun tab le  and

B I .  L e t

o f  the  se t

the point  I  we have

)n

p1(t )  = ' t
. !=1

ar*filr,"lt'I

.rn-1

= l  I  u(r(" )  - ,x( t )  - )
k=l 2k-L+2" 2k+2"

20-l-
=z I  a(r+

k=1

.rn-1

< (2p) 
'_ 

I- d(xtl-l)
k=l 

L ,*l;-t) )

=  ( 2 P )  U r ( t - t ) ,

where the inequality comes from Lemma 2 and 0 < 2p < 1 because

induct ion in this case we conclude that

(35)

l  > 2. Using

p1 ( t )  <  ( zp ) t  p r (o ) ( :01

and hence that UB^ = 0. Thus when tr > 2 the Lebesgue measure of B^ must be

zero because Lebesgue measure is absolutely continuous with respect to U.

Next we prove that 3, is compact for 2 < ), < uo. Clearly

B^ is bounded, so i t  suff ices to prove that i t  is c losed. Let {Storr)} l - ,

denote a Cauchy sequence in 81, convergent to X* e R. We must show that

X* e Bl. But the sequence {rrr}l=, in f,l contalns an 
'infinite 

subsequence,

*(n-1)--2k- l
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also denoted by {or- } ] - r ,  which is  convergent  to some o* e Q.  By convergence
n n=l

here we mean that  g iven any posi - t ive in teger  N there ex i "s ts  an l -nteger  
\

such that  the f i rs t  N components of  on and o* dre the same for  a l l  n  -  
\ .

But now it readily follows that {s(urrr)}l-, converges to s(ur*) whence x* =

s(o*) € Bl as desired. In a simi lar manner,

imp l ies  tha t  p roper ty  fo r  B^ .

TIIEOREM 4. For tr>2 the llausdorff dimension of

the fact that O ls perfect

Q .  E . D .

B^ is borrrded above by the number

(rr1

Proof This fol lows the same l ines as [6,  Theorem L2.2f,  except

use the  d is tance func t ion  d(x ,y )  in  p lace  o f  l " -y l ,  these be ing

when l>2. I{e consider the fani ly of coverings {" j ;_| ,* j ;  )  
l l  =

f o r  n  e  { 1 r 2 r 3 r . . . } ,  a n d  l e t

n,(c) = :;- (d(-ri l I,*t; )))d ror o <' ( *.
. [ , = 1  

L N  L  4 d

then

tha t  here  we.

equival-ent metrics

L r Z r "  '  r 2 n )

( :41

Hr,+t (*) (zps) n,'(cr), (3e)

fr
2p- < J-,  which corresponds

upper bound to the

from r^rhich it follows that liur Hrr(a) will be finite if

l n . * 1 -
to ct  > ( l ,n;)  /9.n p. This impl ies that ( ! ,n 

|>ln"p 
is an

I lausdor f f  d imens ion  o f  B^ .  a .E .D.

Brolin has given the following upper borrrds for the Hausforff dimension

o f  B ^ :
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and

9-n 2

Then K contains 2n distinctn

being ordered so that

valid for 2 . trnS b.

(401

(41)

(4r1

connect ion wi th

JCn

i,n 2
2 (2^  -

'il-T7z , valid for tr > 2

""p{-60 tt"t14,-el1' '  rr ' ,  * e,n 2

Our bound (37) improves over both of these, where they apply.  We note that

fo r  ) ,  =  5 ,  (37)  y le lds  the  upper  bor :nd  0 .564 wh i ls t  (40)  g ives  0 .636.  Thus

our botrnd is good enough, at ) ,  = 5, to dist inguish B^ from the classical  ternary

se t  o f  Cantor ,  whose i {ausdor f f  d imens ion  is  l ,n  2 /9 'n  3  =  0 .631,  [ tSJ .

Our next object ive is the construct ion of an invariant measure for T^,

suppor ted  upon B^ .  Bro l in  a lso  has  g iven a  cons t ruc t ion  fo r  the-measure ,  bu t

using a di f ferent sequence of approximating measures. Ours wi l l  turn out (Sect ion

2.3) to be connected direct ly with the associated orthogonal polynornials.

Let

Kr ,  =  {6 t r l l u .  g r , }  fo r  n  e  {1 ,2 ,3 , " . } . . (42)

denore tv {v{") rr'l* rhesepoints which we

vl").r1"). .  .  . .  y ( t t )

2n

introduced inRecal l  the set of  points 1*(n-1) 12n, which were-  
J  j - r - .

Leruna 4. It is not hard to see that

rvlilr,vli) r c r-tl_|,*r;),,

which fact we wil l f ind

We define a family

useful in what foll-ows.

of distr ibut ion funct ions by

(44)



o,r(x)

where

= :

2n
I  O t x - y ) ,  xe  IR ,  ne  {1 ' , 2 ,3 ,

yeK

x

X

=ti r t

when

when

( 0 ,

>  0 .

(+s1

(401

(48)

(4e)

These distr ibutions can be reexpressed

'l

o_ (x) = --:- [ Number of members of Ku 2 "

o(x)

lorr(x) * or,+r(") | o(+-v)

which are less than xl

= [  Proport ion of members of K' which are l_ess than x]. (47 )

LEMMA 5 For 2 <^ < * lhe sequence a continuous

distr ibut ion funct ion o(x),  uni fornly

Proof.  We have

.  .  ,  t @

t%(x) l ,  converges ro

for x e R.,

-1fr
2n 

I ri*"

=;l ,"J,
. n

1
2 I o(x-z)

KKn+I

q  ( x r s  )

where

the endpoints of an inrerval r";lli,,"ll*t,,

q(x, i )  = lo(x-s(r) l  - i 'e(x-s( t  +r f . r -  ) )  - l0(x- f  ( r  -  y '1 ) )  l .

fhe two numbers s(l trfi-) are

for  some k,  and we f ind
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q ( x , d )  =

lo  (* )  -' n

Ilence to (x) ]
n

uniformly for

when

when

o(y)  I  < lo(")

given and fix

L lZn  <  E /2 .

(--,Ytl:l) r u iv!l+l),*v,
."til|',"1;*",. (s0)

(s1)

o (x ) ,

(s2)

(s3)

(y)  -  o (y)  l .

{;

{:

prove

x €

x €

since rhe inrervals (Yt l l l ' , t l l * t ) l  for  k .  {L,2," ' ,2 ' }  are dis jo int  and

since each 5 e F leads to a d i f ferent  in terval ,  we conclude f ron (48)  that

orr+l(*) | <
,n*1

is a Cauchy sequence

x e R. .  Clear ly  o(x)

f o r a l l x e l R .

which converges to some function

is monotone nondecreasing and

,
o(x)

lo(") -

e )0

xe lR

for x

for x

the cont inui ty  of  o at  x  we observe thatTo

-  or,(x) l  * loo(x) -  oo(r) l  *  loo

- g
n

x (

b e

and

Le t

a l l

n so that simultandously lo(x)

l.Iithout loss of generality 1et

( * ) l  <  e /4  ro r

y and not ice that

(s4)oo(x) oo(l) = 1

2n
i

zrK
n

{ O ( x - z )  -  0 ( y - z ) } .

But

{:

when

when

( - - r x ]

( x ,  y l  ,

z €

z €
O(x-z) - o(y-z)

u  ( y r - ) ,

(ss)
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so i f  we choose 6 > 0 so smal l  that the interval  (x-6,x*61 contains at most

one point of  the set Krrr  then

f  o- (x)  -  on(y)  l  <  t lzn < e/2 for  a11 y e (x-6,x+6J. (56 )

Thus

lo(" )  -  o(y)  |  .  t  for  a l l  y  e  (x-6,xrdJ. Q .E .D .  ( s7 )

REI{ARK: The distiibution funetion o(x) is associated with the set B^ in

ttre following way 
*=I 

exists and equals zero for al-l- xdB^. Thus o(x)

does not increase for x outside the set B^.

Previously we showed 3^ to be an invariant set for T^. !,Ie now show how

o(x) provides an invariant measure for T^. Since o(x) is continuous and nono-

tone increasing we'have fron [20] (Cfr. 12 Prop. LZ) that there is a unique

Borel measure, which for economy of notat ion we denote by o, such that

o {c ,d l  =o (d )  - o ( c ) (58)

for al-l- c < d tn lR. We denote the corresponding Borel measurable subsets

of IR by B so that (R,B,o) is a measure space. For E e B we will use the

nota t ion

o.E = . l  do(x).
E

(se)

Not ice that  oI  = l  and that  we could t f  w- ished restr ic t  a t tentLon to ( I rBro)

ra the r  t han  @. rB ro ) .
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TI1EOREM 5 For tr >2 the measure o is invariant under T.,. That is, for each
A

E e  B ,  p  ,

- l
oE = dI"-E.

A

In part icular,  for al l  measurable funct ions f ,

(60)

/  r (")do(x) = I  r ( rx)  do(x).  (61)
,"E titu 
iL,i

Proof. We begin by proving that tl obeys (60) when g = (c,dJ is an interval. *g,

;1.
In this case from Lemma 5 we have 

f

s E = L i m  / a o r r ( x ) = L i m o r r E .  -  - ( 5 2 )
n+o E n+@

-;.
1 -

Here o-E = -- [Number of elements in K n E]. To each element y of K- n E -.- n

there corresponds exactly two elements ^ - {i and tr * fi of K-,, n rlln, and- n + I A ' . :

these two elements correspond to no other el-ement of K- n E than y. Accordingly--
n

r  [  -  - ' r ' l  - r
o E = --+- 1 N,rmber of elements of K -., n T-'EJ = orr+f t^'t, (63)
n 

2nrr L n*I

and fron (52)

- 1  - 1
O E = L i m O  T - E = o T ^ E .

n+o 
ntr

t64)
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This proves (60) in the

an arbitrary nember of B

i - i

case where E is

we not ice that

an ln terval .

a new measure

exEend the result  to

B can be def ined by

ds(x) .  (6S)

To

on

(6s)

T'tren since p and I agree on all interva]-s their extensions to all of B must

agree, which is preeisely (60).

It suffiees to prove (61) in the case where f(x) = Ir(x) is the charac-

teristic frrnction. of the set E e B for then it is true also for simple functions

(which are finite linear combinations of characteristic functions) and final-Ly'

by closure, it is true for all measurable functions. Observing an"a tr-r'{*)

= I-(T.x),  we have 
, t

r -  A  - -

- ' l
p E = p T - E

/rr(x) do(x) = oE = ot-ln = .lt -rr{*) do(x) =
Tl,

/rrtr^*)

Q.E .D .
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5 2. 2 Isornorphisrns and Ergodic prope!!.1-g!..

Le t  (Q rF ,v )  deno te  a  p robab i l i t y  measu re  space .  Tha t  i s ,  f , 2  i s  an

under ly ing set  of  points,  F is  a s igma-algebra of  subsets of  f , l  such that

i l t

f , )e  F,  and v is  a countably addi t ive measure.such that  v(Q) = l .  Let  T

be a t ransformat ion of  f , l  in to i tse l f  whtch preserves the measure v.  Then

we refer  to  (CIrFrVrT)  as a system. For  example,  Theorem 5 te l ls  us that

( lR ,B  ,  o rT l )  i s  a  sys tem.

In order  to descr ibe more fu1ly  than heretofore the nature of  the act ion

of  T.  on B.  we need the concept  of  isomorphic systems.  We recal l  the def in i -
A A

t ion  g iven by  B i l l i ngs ley  t5 l  o f  an  isomorph isn  be tween two sys tems (n ,F ,v ,T)  
' '

a n d  ( Q r F , v r T ) .

j:

and a mapping Q of Q^ onto f t^,  with the fol lowing propert ies.
U U

( i )  The rnapping Q is one-to-one.

t u  _ t u
( i i )  I f  A c f l ' a n d A = 0 A ,  t h e n A c F i f  a n d o n l y i f  A c F ( i . e -  0

is bimeasurable), in urhich case vA = iL

(iii) we have Qo . t-lflo, fro . t-l Ho, 
"r,d

4

Def in i t ion.  Suppose Lhere ex is t  sets Or. ,  in  F and Sln in  F,  each of  measure 1,
t , U

tu
Sttrt = tSr: for all o e O0. (1)

In this case we say that (5 'rrFrv,T) ana 10rF,vrr)  are isomorphic.

There are t$ro ways in which isornorphisms between systqms can be used.

I'[ 'rey ean be used to calculate the entropy of a given system and to determine

whether or not the system is rnixing or ergodic, because such properties are

invariant under isomorphism. They can also be used to provide a coneeptually

simpler or more familiar replacemet'rt for an apparently alien system. lle will

exp.loit both of these ldeas in what folLows. '



27

We def ine  the  measure  space (B l rBro)  to  be  the  pro jec t ion  o f  ( IR ,B,O)  on to

B, as fol lows. We def ine g to be the set of  al l  subsets E of IR such that

E =  E nB,  fo r  some E e  B.  That  i s
  . . i

n={E=Enn^ lnen} .

For E e B with E = E n B^ and'Ee B we def ine the measure o Uy

( 2 )

oE = gE. (3 )

I t  is readi l -y ver i f ied that 6 is wel- I-  def ined, for i f  E = El n Bl =

E2 ̂  BL rhen oE'  -  o(Er n B^) + o(81 n ni)  -  o(Et n B^) -  o(Ez n B^) =

o(EZ n Bl) + ote, n n!) - oEZ. The superscript c means the complement is

taken. I t  is straightforward to prove that (B^,E,o')  
_con"t i tutes 

a measure

space and that 
-o 

is invariant under T^. As a simple example of isomorphlsm

we have the following result.

LEIO{A 6.  For  2 < } ,  < @. The two systems S.rBrvnT. , )  and (B1,BrorT. , )  are
 A A

isomorphic.

$, ' : to be the ident i ty map. q .E .D .

Now l-et O be as def ined earl ier,  just above equat ion (13) in 52.1. We def lne

the cyl inder subsets of f , l  bY

Proof. We sirnply apply the definition of isomorphism taking (OrF'v'T) to be

G{,B,o,Tl)  ar id (  d,  F, i , f ;  to be (8tr ,8 ' ,6"T1).  Then we set f ,10 , l  Ho and tate
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where iU e {O,f}  is given

the smallest sigma-algebra

there exists a unique cor:rt

f o r  L  e  { n r n * l r ' " , n * k }

which contains all of

tably additive measure

( 4 )

use the notat ion P for

cyl inder subsets. Then

C such that

" ( io r i r r+1 , ' ' " i r r+ t )
=  {oe  A l t lU  =  iU ,n <  L  <  n+k ]

We

the

6 o n

6 c( irrr i r r* l  ,  " ' r i r r+k) =

2k+1

f o r  k e  { 0 r 1 , 2 , , . . } .  H e r e  l e t  T  d e n o t e  t h e  l e f t  s h i f t  o p e r a t o r  o n  f , l  a s

def ined fn (22) .  Then i t  is  r re l l  knovm that  ( f l ,C,E,T)  is  a system; in

par t icu lar  6 is  invar iant  under T.  This system is  d iscussed at  some length -  -

t '

by Bi l l ings ley [51.  I t  is  known to be ergodic,  mix ing,  and to have entropy '

* 9-n2. Moreover, it is known to be isomorphie to the diadic transformation

on the in terval  [0r1)  (Borel  subsets,  Lebesgue measure)  def ined by

Tx = 2:cnod 1.  Our main resul t ,  however,  is  conta ined in Theorem 5,

which re lates the t r -dependent  system 1n^,nro, f^)  to  the t r - independent  system : -

( Q r C , 6 , T ) .

Before stat ing the next  theorem, we recal l  some def in i t ions.  Let

( f , ) ,FrVrT)  be a system. Then T is  ergodic means that  whenever A e F is

i nva r i an t  unde r  T ,  ( i . e .  A  =  t - 11 ) ,  t hen  v (A )  =  0 ,  o r  1 .  The  E rgod i c
', t- l r-

Theo rem s ta res  rha t  i n  t h i s  case ,  i f  f  i s  i n teg rab le ,  L i r o  
*  -  I ^  f (TKo)

nico k=0

exists  and equals / fap,  for  a lmost  a l l  or [1.  T is  q ix ing means.

L im v(anf-nn)  = v(A)v(B)  whenever A,B e F.  The entroPy of  a f in i te  f ie ld

n+@

G is defined by Ii(G) = - 
[v(A).Q,n v(A),, where the surnmation extends

over the atoms of  A.  T 'he entropy of  a f in i te  f ie ld G re lat ive to T is  h(GrT) =

-  n- l  ,  n- l  r -
f , i u  l  H (  V  f - k  C ) .  (The  a roms  o f  I  t - "  G  a re  ob ta ined  by  i n te rsec t i ng  t hose  o f

n-r.o 
o 

k=0 k=0
-L

e a c h  o f  T  
' - G ,  

k  e  { 0 r 1 r  2 r . . . , n - 1 } ) .  F i n a 1 1 y ,  t h e  e n t r o P y  o f  T  i s  h ( T )  =  s u p  h ( G r T ) ,
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where the supremum extegds over at l  f in i te subf ields G of F Kolmogorov

showed that the entropy of a system is invariant under isomorphism'

g '

T H E O R E M  q .  F o r  2  <  I  <  -  t h e  s y s t e r n s  @ , B , O , T I )  ,  ( B l , n , o , t ^ ) ,  ( 0 , C , 8 , T ) ,  a n d

( [0 ,1 ] ,  Bore l  subsets ,  Lebesgue measure ,  d iad ic  t rans format ion)  a re  a l l  i so -

morphic.  In part icular,  each system is ergodic,  mixing, and has entropy equal

to Ln2

Proo f .  Once  we  have  es tab l i shed  tha t  (B^ ,n ,o , f ^ )  and  (C I ,C ,8 ,T )  a re  i somorph i c

systems the rest  of  the theorem fo l lows at  once f rom the previousl -y  ment ioned

isomorphisms,  ( lsomorphism is  t ransi t ive) ,  together  wi th the faet  that  the

ergodic property, the entropy, and the mixing property are all invariant under

isomorphism. The stated propert ies are wel l  knor^m for  (0rC,  grT)  .

I l I e  w i l l ' ? rove  tha t  an  i somorph i sm be tween  (B^ rB ,u rT I )  and  (Qrc rE ,T )  i s

furnished by the rnapping S:fl * Btr which was introduced following equation

(20) . We have already shor^m this rnapping to be invertible when I > 2 and we

wi l l  use the notat ion S- l tBr  * f ,1  for  i ts  inverse.  W""  
" i " " . iy  

sat is fy  par t
 

( i )  i f  the def in i t ion of  isomorphism. h le next  prove ( i i i ) .  To achieve th is

we must make an irnplication in each of two directions. First we show that

( i i ) ( a )  I f  A  e C  t h e n  s ( A )  €  E  a n d  E e  =  6 { 5 ( A ) ) .

I t  suff ices to prove this assert ion when A = 
"(k) 

is a thin cyl inder subset

of C, for each posit ive integer K, because these cyl inders generate the whole

of C. But S(.( \<))  ls the set of  poinrs in B^ which rake rhe forn

r rfr), r /[-l-r o- r iK]f?r ! y'n * roo ( 6 )

t.--K place" f

where only i , ,  e t* tr+t]  is f ixed. This is just the.set of  al l  points of the- K

form
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s( l+  r *y 's tur )  )  Se Fr_ t ,  u )€  n , ( 7 )

which in turn is identi.cel wittr the intersection between B^ and set consisting

of the 2k-1 
" lo"ed 

intervafs { I(s) [S e r*-r ]  where I(S) has as i ts endpolnts

the nunbers

, s ( l + iK / f  - v6 )  and

for some S e 9"_t. That is

s( t  +  iKtF )

s(c(kr, = ,r.rr*_r ror, n Br,.

The countable union of intervals here is a member n or s so

S ( c ( i * ) )  = E n B ^ = E e  B f .

To complete the proof of (ii) (a) we must show that

( 8 )

(e)

(G2)

Ec(r,,) = -oE.
-  K '  '  (11)

On thg one hand here we have 6 c(1) = k .fron (5). On the orher hand

o-f  = of = Lim * tO of poinrs of K_ rhat 1ie in E]
n-r@ 2" 

- n

= L im *  l * -  "  
r l

n-r- 2n

u"t 
f  

l lo n ul =;f  l*rrn{r5 (s)} l  = \  for al l  n > K. rhis compteres
K-1
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the proof of ( i i )  (a).  We must now prove rhat

(ii) (b) rr r is in 6 tnen s-l(E) e c-e!4-qGL*fG)

I t  suff ices to prove this when

t r = [ " . d ]nB .. A

where [crd] is an arbitrary real closed interval, In this case E is compact

so it has a smallest member, and a largest membern which can be written

S(o1) and S(rrrr) ,  respect ively for some ol  and o, in CI.  Let

co = {olefl ls(*r) < Srr(to,x) < s(trrt) for al l  xe B^}. (14)

Therr it is readily shown that

(13 )

(rs1

(15)

9o 
t co+I t cr,+2 c ""

S1"tghtl-y less obvious is the ldentity

- 1
s-'(E) = { u, crr} u {t^rr,rrr, }

n=r

We show that this is indeed true. Suppose o belongs to the right-hand-side

of (16) but that o*rr, and ulor, for in these latter cases it is irmnediate that

S(o) e E. Then o € C--r, for some finite integer n and all nonnegative integers
n+IC

k, Ilence S(o1) * Sr,+1(.,*) < S(oZ) for all k and all x e B^ which inplies

S( r r r , )  <  S(ur )  <  S(o^) .  Eence o  e  S-11E; .  Converse ly ,  suppose t rJ  €  S- t ( r ) .' r  z  , .

Then S(tl) e tS(01),S(or)J. ff o=trt, or 0J:02 then to belongs to the right-hand-

side of (16) as desired.. So assuming ul#rrl1 and or#at, we have S(o1) t S(rD) < 3(rr)2).

Now choose N so large that for al-l n ) N we have

J

lso(o,x) -  s(o) |  < uin{ ls(, ,r)-s(oL) l ,  ls(ur)-s(tor) |  } (t-7)
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for al l  x e B^. Then for al l  n) N we have that t r tsC' wi lenee i t  belongs to the

r ight-hand-side of (16).

Now rhat (16) is establ ished we have t frat  S-I(E) is a countable.." l t ""
{

of  cyl inder sets because this is t rue of both rrr ,  and or,  and each C' is

i tsetf  c lear ly a cyl inder set.  Hence s- l(E)€ c which is what we wanted'

It remains for us to show that

( 18)

Here

( le)i l (s )  =  r im* l * r ,  n  ts(ur r ) ,s( t , r2) l l
tr-)e L

:  f , in  *  {number of  dLst inct  f i rs t  n  components possib le for  e le O

n+o 2 '  
such that  s(o1)  < sn(o,  I  )  < s(&)2)  ]

On the other hand

- 1
gs -(E) = E u- cr, = Lim ECo (by virtue of (15)) (20)

n=l n+@

= l im €{are Als(urr)  < S'(rrr ;x) < s(ror) for al l  x e B^
n-:-

= l im 
f  {" .*Oer of dist inct f i rst  n components possible for t rr f , l

n- 'co Z srr .h that S(rr l r)  < Srr( t l ,x)  e S({r2) for ar l  x e Bi}

Bur since eich of the intervals {So(o;x) lx et}  is disJoint f ron al l  of  the

others, each interval contains exactly one point of the forn Srr(tl, tr) and con-

versely each such point is contained in only one interval-. Hence the numbers

t:

I

i
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inside the cur ly brackets in- ( f9)

the desired equal i ty between (19)

the  proo f  o f  ( i i )  (b ) .  p  i

Final ly we must prove that

by at  most  t rdo,  and we have

l imi t  as n+6.  This completes

and (20)  d i f fe r

and (20) in the

( i i i )

But these were proved in the previous sect ion; in part icular (21) here

( 2 3 )  t h e r e .  Q . E . D .

s^ . r-^1 n^, CI . T-lf ,),  and s(To) = Tl(s(rr l)) ( 2  1 )

l_s

REMARK (BlrB,O,T^) is also isomorphic to the transformation TO" :  
"2 

on

the r,rnit circle with circul-ar Lebesgue measure. This is true because the

latter system is isomorphic to the Diadic transformation on the unit  interval- ,

see Bi l l ingsley t5l  (Chapter 2).  In this way we obtain a connect ion between

the system for I > 2 and the system which exists for tr=0.

There exists a natural ordering on the members of fJ. In the sequenee

for a member of O one replaces -1 by 0 wherever it oceurs; 0 is then naturally

ordered by treating the resul-ting diadie sequences just as though they were

binary representat ions of real-  numbers, but wiLh,the dist inct ion that any

b inary  expans ion  w&ieh  has  a  ta i l  o f  t ype  fo rn  " '0  1  1  1  1  l r r re roo

is aot to be identified with the same number whose tail has been altered to

.  r . .  t -  0  0  0  0  0  . . . .  .  Rather ,  we w i l l  say  tha t  the  la t te r  i s  s t r l -c t l y

larger tha'ir the former. This ordering of 0 prowides for l ' > 2 an orderlng on

Bl. We will write t, { tZ to mean that 01 e CI is less than trt, e fl in this

ordering.

There exists a second ordering uPon u and 81.

of f,l according to the ordering of 81 treated as a

One can order the members

subset of the real Line.
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We will write ro, . ^Z to mean that o, e CI is less than to, e 0 in this orderlng.

The connection between the two different orderings i-s provided by an

invert ible mapplng O:0 + f) .  For to :  (er,err"3" ' )  e f t  we have

@ ( o )  =  ( s r , s 2 r " 3 r . . . )  w h e r e

". ,  
= a1"2e3" 'ao = trr_l  arr ,

The inverse mapping O-1:f,l_+f,1 is given by

-1
0  

- ( "1 r "2 r "3 r . . . )  =  ( " 0 "1 r "1_=2 rs r s r r . . . )

Ir is straightforward to prove that

rt 4 ,z iff O(0r) < 0(rrrr) .

"o= l '
(22)

t 4  i \

\ z J )
;;.

(25)

For example,

O ( l - r - 1 r 1 r - 1 r l - , 1 , 1 ,  o . . )  =  ( l - r - 1 r - 1 r 1 r 1 r 1 r 1 r  " ' )  -

I

I
I

..':'

,!i,

,1.'
t:

(24)
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2.3 Orthogonal Pol-ynorniaLs

One way of character iz ing the invariant measure o when 2 < tr  < ao

is by means of the associated set of  monic orthogonal polynomials.  i {e

d.enote this ser ty {Prr(x)} l=-,  where r_r(x) = 0. For n >,,0,  Prr(x) has

degree n and the coeff ic ient of  xn is uni ty.  The polynomials obey

/  r - (x)  r - (x)  do(x)  = o for  n  I  m.
r '^

ltl?* 
rr,(x) = 2 rrr( f " 

-'r-l

There are severaL reasons for interest in these polynomials.  One is

that, as we will see, they are related to the Tchebycheff polynomials

{rrr(x) = coslo 
"os-I*)} l=o 

according to

(1)

( 2 )

Thus they proVide an interesting generalization of the Tchebycheff polynomial-s.

IrIe note that the latter are Ehe only f arnily of. 2F, hypergeonetric polynornials

which are mapped into thenseLves under the change of variable x . (x-2)2.

More generally one would like a delineation of those families of monic

orthogonal polynomials which are invariant under I * (x-tr)2.

The polynomials {p-(*)  } : -  ,  are also of interest because their  measure
n n=-I

is  total ly s ingular ( i t  has no absolutely cont inuous part  and no discrete Jrmps).

To what extent does the singularity of their measure show up in their structure?

In part icular,  is i t  possible via these polynonials to descr ibe a Jacobi matr ix

(or any other sel f-adjoint operator) whose spectral  density frnct ion is

J^do? One would like finally to have on hand an explicit physical rnodel associated
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with o. We go a fair  distance towards these object ives: we provide relat iong

- - @

which al low al l  of  the polynomials {rrr{x) }"=-t  to be calculated, and we

present certain unusual ident i t ies among 
lhp 

coeff ic ients in the assoct 'ated

three term recurlence relat ion. l {e also display expl ic i t  formulas for

prn(x) and P3.2n(x),  and note that the zeros of these polynornials can be

written doum. This may have a bearing on the problem of the deterrnlnation

both of the f ixed points of Tm for posi t ive integerlvalues of m, and also

of the cr i t ical  values of ) .  at  which the real orbi ts under go bi furcat ion.

Let us introduce a second set of  monic orthogonal polynomials

{Qo{*)} I=-,  where Q-r(x) = 0. For n > 0, Q (x) has degree n and the coef-

f ic ient of  xn is uni ty.  The polynomials obey

/ Qrr{")Qr(x)xd (x) = o for n*m. (3)

Then we will need the following result [8 ,LZJ. I^Ie include a proof since thls

is heJ-pfuJ- towards understanding what follows.

L E M M A T  F o r n 2 0 a n d 2 S l < @

Qrr(x) = l [Pr,*r(x) - Pn+1(0) Po(x)/Pn(o)]- (4 )

?roof:  First  not iee that the r ight-hand-side of (4) is always wel l -def ined

because p (0) f  0.  Th15 fol lows from the fact that the zeros of P-(x) are
n n

conf ined to the inter ior of  I  which is the support  of  the measure'  Now

notice that the r ight-hand-side of (4) is a monic polynomial of  degree n'

Finally observe that for n > m 2 0


