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Abstract

The Julia sets B, belonging to a family of mappings T :€ + € whera

A
A 1s a parameter 13 investigated. The mappings ara defined by Thn = [1—:}2
for each z € €L and A € B. For A 2 2, Bh is described and an associated
invariant messure is constructed, The resulting system is shown to be
{somorphic to a Berpoulli system. The corresponding orthogonal polynomials
sre considered in detall, and are shown te generalize Tchebychelf polynomials.
For - %-: A <2, and for |.'.'|.E < E]'-ulth A e L, the natura of Bl as & subset

of the complex plane is characterized and described. The relationship

between B and the theory of iterated mappings from a real Interval into

itself, is explained,



1. Introduoction

Tn this paper we consider a family of Invariant sets which are associated
with a one-parameter familyof quadratic maps from the complex plane [ intao

itself. The parameter is A, which may be teal or complex, and the mapping

TA:ESFE la defined by

t2= (-2)® | zet. (1)
For A # D, TA is related to the mapping
Tz =1-2s, (2)

which has bean extensively studled in the context of 1teratéd maps, see
Feigenbaum {111, and also the book by Collet and Eckmann [9] and the references

therein. The relatfonship is
AR s Y (1)

where A [s the affine transformation

At = A=z, Atz =1 - 2 (4)

%i is usually viewed as a mapping from the real interval [=1,1] inte iteelf,

and then } lies in the interval [0,2]. This is equivalent to looking at

TL as a mapping from the interval [0,2)] into itself, which againm corresponds
to ) € [0,2]. In these cases notice that the critical values of A, at which

occur such phenomens ss the first appearance of hﬁﬂ?ﬂl&ﬂ and the onset of
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argodie behavior, are the same for both mappings. Another equivalent trans=
formation iz = * nz = A

The invariant sat which we study will be denoted by B , and is among
those firat examlned by Fatou [10] and Julia [16] in the context of an ar-

bBitrary rational transformaticn. With the notation
Tn F—3 Tn+1 n L
VB =, and y 2= TL{TRE} forune {0,1,2,°°+}, (5)

B; can he defined to be those polnts in the complex plane where the sequencea
{T:z} ig not normal. This definition is the starting point of the survey
by Brolin [7]. Howewer, we will adopt a differemt approach.

We begin with the sec El of formal objects {A+ (A t (At+s++ ad infinitum
where all possible sequences of plus and minus signs are included. Then we
seek 8 corresponding subset B, of the complex plane vhich possesszes all of
the properties which are suggested by ii+ To see what these propertles are,
and why they are of interest, let us pretend for the moment that %1 makes
computational sense, and describe briefly the results of some numerical EKPEIiT
ments which we carcied out at the inception.

For warlous sequences of, say, Fifty plus and minus signs and for various

values of A we caleculated the numbers

}Ll'l{:}at Y tﬁ}ill}_ E'E‘J
tﬁn timu_T

i@
For complex numbeérs z = 1@ with -7 < B £ 7 we set

7 EiEth. (7

and

Seie )V e AT e < @m0y 5

i R sepcps.

- = =



This prescription corresponds to a negative axig branch cut. The results
which we obtainsd are essentially those displayed im Figures 3 to & in
Section 4. The caleculated get appears to become the unit elrele
{z e II lzi = 1} as A approaches zero, Whilst for A = 2 it lies thickly
on the real interval [0,4]. TFor 0 < A < 2 more complicated figures were ob-
tained: for A = 0.7 the set looks something like the Boundary of a holly
leaf, For A*2 it was found to lie wpon the real axis and to consist of
distinet points.

Woting that when A = 0 the unit cirele is actually an invariant set for
TD’ whilst for A = 2 the real interval [0,4] 1is sn invariant set for T.,
it becomes clear that what we are tracking 1n the shove calculations 1s a certain
invariankt set of Tl‘ This being the case, the subset of this set which lies
on the real line must be an Invarisnt set for the restriction of the mapping
to the real 1ine, HNow, a k-cycle for Tliﬂ + R ia an invariant set] and it
appears that ﬁh moves graduslly from the complex plane ento the real line, with
Increasing real l, and thiz movement 15 coincident with the occcurence of
real k-cyecles for higher and higher k values. Thue, it is natural to asscciate

with a k-cyele of '1':.l ona of the memhers of ii which has a réecurring seqguence of

plus and minus signs with perfiod k. For eéxample, one anticipates that

At O+ VT - ST+ VO --eo (9)

is assoclated with a ?-ecyele of Tl' When it First becomes real one expects that
a real 2-cycle has first appeared for that value of A.

The set ll’ to be associsted directly with ﬁl will possess the kinds of
peroperties indicated above. It thus provides insight inte the behavior of
the real map and into such phenomeéna as the cascades of bifurcations, the
Feigenbaum numbers, and the onset of (nontrivial) ergodie properties. In the
end ﬁh becomes a convenient notation and mmemonic for thinking about the detailed

structure of ..

A



Similar computations to the ones mentionod above have been made by
Mandlebrot [19], who has produced some Beautiful pictures of B,. He views
B, as an example of a fractal set, and alse asg an -attractor for an appropriately
defined {generalized) discrete dynamical system, bascd wpon Inverse mappings.
One reason why we first became interested in Bl was because it arose for
A =3 in the context of the Diophantine Moment Problem (D.M.P.) [3]1. This

appeared in an attempt te predict the critical Indices for Ising

model lattice gases, basing the investigation upon the fact that certals
related series seem to involve only integer ceefficients The Dicphantine
Moment Problem is this: classify as a function of the positive parameter A

the positive measures 0 such that

wo= (A" et (10}
n
0
is an integer for each ne 1D.1.;;**}. The problem was complately solwved
for & <4 and largely solved for A = & (leading, incldently, to a noval
resolution for a one-dimensional Ising model). For @ > A > 6 1t wag shown

that there exists a transformation upon the generating function

6 () = (A0 (11)
o

14ex

which ylelds a new generating function GE{H} with E < h. The measure which
ts assocclated with the latter alse has the Diophantine property. However,
the point which is important to us here is that the support of the measure
for a fixed point of the transformation was assoclated with Ea+ Chir present
tnvestigation provides results which may bear directly upon the D.M.P.
and certain Ising models, and which alsc relate these areas with the tople of

irerated maps of intervals.




e study ‘of Bl alss tnvolves other areas of Intecest o mathematleal
physies, namely invarlant measures, {somorphisms of systems, and orthogonal
polynomials, The motion of the points of El under the mapping Tl‘ apd the
explicit constructien of the corrvesponding invarlant measure is of Interest
in its own right {see for example Lascta and Yorke 171} and has been considered
previowsly by Brolin [7]. Here we establish ergedic properties of the
resulting system by means of an {somorphism of systems, in the sonse of
Billingsley [5]. Alse we characterize the invariant measure in terms of an
assoclated family of orthogonal polynomisls. Thae possibility of seo doing
g unusual because of the singular nature of the measure. A di rect connection
between By and a Jacobi matrix is obtained, which allows one to envisage a
physical system whose spectrum is BL*

We have so far mentioned our subject matter, motivatlions, and oblectives,
Wa now summarize what we achicve. In Section 2 we examlne the case 2 £ LS m,
for which it is known that Bl lies entirely upon the real axis. Some of
our approach may be seen as a melding of ideas of Fatew and Brolia. In 52,1
we succeed In a direct construction of !1 which displays its connection with 31
and shows the opevation of Tl on B, to be equivalent to that of the right-
ghift operator upon the set  of half-infinite Bernoulli sequences; we also
discover a distance functlon which is natural to B,, ylelding a simple demonstra-
tion that its Lebesgue measure is zeéro vhen A > 2, and providing a new upper
bound for its Hausdorff dimension. Finally in §2.1 we construct the measure
upon BA' which is invariant and mixing under T,, by means of a special sequence
of approxisating measures, This measure is singular with respect to Lebasgua
measure and has no purely atomic component. In §2.2 we estahlish an Isomorphlsm
of systems which relates the Invariant to the uniform measuve upon {1, and shows

that the action of T, upon B, has entropy equal to lm 2. 1In §2.3 the approxi-



nating measures are related to a set of monie polynomlals, orthogonal with
réspect to the invarfant mesasure. A mathed for calculating all of these poly-
nomials §s provided, and certain identities which obtaia among the coelfilelents
of the associated three-term recurrence relations are discovered. Interrelations
between the polynemials reflect the structure of Bi+ In particular, it is
found possible to completely describe an infinite subsequence of Padé approxi-
mants to the generating function. It is also shown that the polynomials are
none other tham the Tchebycheff polynomials when A= 2, and that thay
generalize the latter in 8 nontrivial way when S

Tn Seetion 3 we consider the cases —-%.i A< 2and |A| < %‘wilh he B

I §3.1, for - < A <2, B is realfzed as the boundary of the image under

a conformal mapping Fl of the exterior of the unit e¢ircle, with the proparty

T, o F, =F o T (12)

A A

The possibility of such characterizations in general was known to Fatou:
equation {12) iz the Bottcher equation (see [10] §8) for T, about the point
g = o ywhich 1is both a fixed peint for T

A

and it relates the actlon of Tl an Bl to that of TD o BD‘ the unit cirecle.

and a critical peint for its inverse,

We describe the construction of Fl with the aid of a specific sequence of
analytie functions {f“{zj} which converge to it. The corresponding decreasing
set of boundaries which we obtain, and which converges to B,, 1llustrates in

a more specific and constructive manner than I8 usually possible, a general
technique in the srea of iterated rational functions. The explicit form of

the results is a consequence of having the formulas A +Vz for the two

branches of the inverse of T, A new type of approximation te B, is provided by
a second sequence of analytie functions {E:E:}}, which are assoclated with

an increasing set of boundaries, and which, in the appropriate sense, approach
B. from the "™inside.” Our construction turns out to be of especial interest: we

A
have recently proved [4] that the sequence of tree-like boundaries in fact con-



verges Lo !'.'-'. itsalf, for infinitely many valves of A€ (0,2). 1In thesa

cases By 1s a "dendrite” and the set € - B, has enly one component.

In 5‘3.2,., .EDI |a] < % with A € €, we relate B, to Jﬂﬁ in a simllar manner to
that in §E+i'fnr 2 <} <w First, we restrict attention to the case 0 < A < 0.1:
in this situation FE{:] i{s defined for all 2 £ T such that 11] =1, and we show
how the value of F:,L[eiE} for given Be[0,21) can be [deatified with a member of
El’ (this being defined using a positlve axis branch cut). Second, we extend
the results to the case Ae L, L = {} ¢ €] [A] {%], by showing that Fl{ﬂ is
both defined and analytic in A, for Ae L. Last, we show that the family of
functions GA{EJ = Fl{eiﬁ}, where A belongs to a compact subset of L, is uniformly
Holder continuous in 8.

Numerical results are illustrated in Section 4.

We thank D. Ruelle for telling us the references to Fatou, Julia,
Brolin, and Mandelbrot. Our approach, the search for & meaning for the set
Eﬁ‘ was discovered without these. We have preserved this path in the rewrite,
and have signposted the classical results as we pass them, The reason Is

that, as well as providing a fresh viewpolnt, we find the variety of new results

gummarized above.



2. The cese 2 £ § € m

2.1 Construction of Bl and of an invariant measure

Throughout this section we assume 2 < XA < =, and some the results are
restricted to the case X > 2. We begin with a dircct construction of Eln;.|
which displays its comnectlion with E « This will bae achieved with the aid
of & new distance functiop which allows us te obtain a significant fmprovement
on Brolin's estimate ([7]), Theorem 12.2) of the Hausdorff dimension of the set.
Our construction shows tha operation of Tl an Bl to be equivalent to that
of the right-shift operator upon the set 0 of helf-infFinite Bernoulli sequences.
Thus we obtain a concrete and fully worked out example of the type of correspon-
dence apparantly first introduced by Fatou ([10], 523} in the context of ar-
bitrary ratiomal transformations.

We will conclude this section with the construction of an Invariaat
measure, supported on El* by means of an approximating sequence of measures,
different from the ones used by Brolin ([7], P. 126), with the advantage that
they will later (sectiom 2.3) turn out to be precisely the approximations to

the measure which come from associated orthonal polynomials.

We define

a=l+k+V(iH) and I = [A-1a, al (1)

Natice that a is the unique nonnegative real number satisfying a = A +da and
that A - {a = 0 where the inequality is strict when A > 2. For

ne hqi.ﬁ"'} ve define a Function of xe I by
s (x) =2 4o, SOre, Jtrorte O+ e V)0 (¢ Vi

where each e € {-1,+1}. Let :n denote the set of all functions expressible
in the form (2). For n=0 we define au{:j = x and ’ﬂ contains only this

function.
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hiia Lemria ofoogs Ehat Fn ig a well defipod sget of real valued functions on

LEMMA 1. Let 2 £ A <= and En{:r:} 3 _i:n. Then s“{x} is a real valuved function

of 'x e I; in fact .

B

Entxj € I forall xe I (N

Proof. The Lemma 18 clearly true for n=0. Assume that it is true for all
ne {0,1,2,*+,8} for some nonnegative Integer H. Hotice that for

"
8 £ B there exists 8 e 2, and e ¢ {-1,#1)} such that

ntl H

EH+l{x] =% + e,fﬂH{:} " (43

';'H{I; is positive for all x « I by the inductive hypothesis, and so &, (x)

N+l

is real walued, In fact

A-vE s A -fB 0 s s () S A+ 5,00 sh +yfE = a, (5)

for all xe T, and this proves (3) for m = N + 1. Q.B.D.

We introduce a measure f on I by defining

iE = J' _.'!“—
B Jfw{2hi-) (6)

for all Lebesque measurable subsets E of I. Then ¥ is sbsolutely continuous

with respect to Lebesgue measure on I because _f L e <@, (Notice that

1 v w(2i-w)

this 18 true even when A = 2). Also, Lebesgus measure is absolutely continuous

with respect to { on I because f dx = [dw(2h-w) du{w). A& subset of I has
E E

Lebesgue measure zero if and only if its measure with respect to M iz zero.
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Corresponding to B we have the distance Function

d{x,v) = |F|{x,'l-!‘{}r]| for all x, v.e I, L7y

where we define

®
Fix) = [ —"%——  for xe I (8
0 o4 wi2i-w)

Fotice that the tepelegy induced on I by this metric iz just the same as che

vsual topology which is associated with the distance function |}r.-3|r].

LEMMA 2. For glve 2 S A< w, lot p=o [AEVE G0

"""""" MNalawva

d(h + ef® ,A + ey ) < pd(x,y) (9)

for all x;,vy ¢ I and e € {=1,1}. When X > 2, 0 < g < % .

Proof. We use Cauchy's mean value theorem. Without loss of gencrality we

agsume ® < ¥. We have

di +evE A+eVy) _ |FlA+eyfx) - F(A + eV

dlx,v) [F)-Fiy) |
_|1 e  F(xevc) | _1 J2r-c (10)
2 FO) 7y 25

2
for some Ce (%,¥}. Since 0 =1 —ﬁ < X<C <Y <a <2 < A" we discover that

. 1
the right~hand-side is bounded above by p = %j -l—ztﬁ— 55+ The lattar
A= a+ya

inequality is i{n fact strict vhen A > 2, and the Lemma follows. Q.E.D.
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LEMMA 3. Civen 2 €A € w

dis 09, 5 _(y)) <p" dlx,y) (11)

|

for all X%,¥« I, and all 5 € ‘ln' vhere 0 < p <

Proof. The Lemma {5 immediately trwe for n=0 since Hﬂ{x} = X, Assuma that 1t
is true for all me {0,1,2,---N} for some nonnegative integer N. Let

n, e
Byl $ipis S0 that {(4) is true for some By € FH' Take x to be EH(:-:‘.I and

A to be B (y) in Lemsa 2 ylelding

By (s By VI 2 pd{zﬂ{“] *F;H'::"” (12)

for any X,¥ € 1. Now apply the inductive hypothesis to the right-hand-side of
(1X). q.E.D.
Let ] denote the set of all seml-—infipite sequences of numbers from

{-1,41}. Then w e @ if and only {f it can be expressed
N RO (13)

where each ey tg in {-1,+1}. In order to indicate the dependence of the function

Eﬂl[x] in () upon w we will write

Entﬂ - sn{::u}. (1)

The following theorem is related to a genoral resulet concerning the

convergence of infinite chains of inverse branches of a rational map [7, Theorem

.21,




THEOREM 1 Let well, 2 <} < =mdxeI, Then s{u)} = Lim ﬂnl:x,m} exists,

M
belongs to I, and 18 a constant independent of =e I.

Froof. First observe that from Lemusa 2

d(s_, Ocw), s (ow)) = dis Ode Vi sw), s Gcsu))

(15)
n n
Sp dide o Vx, x) spC
for all x « I, where both ¢ with 0 < p < o and
C = d(2- va,a) (16)
are constants independent of m and x. Hence, for any inteper p = 0,
dis . {(=;w), s _(xjw)) = n“'l,’bm_l c (17)
ﬂ‘l"p T t o] L =

and we deduce that {suit;mj }:=I:I is a Cauchy sequence in I convergent to
some mumbar s{W) in I. To see that s{w) is independent of x we suppose

“
Lim I‘-n[:-::m} = s{w) and Lim sn(?;m} = s{w), for some vy« I. Then for any n
e -

(18)
d (= (w) ,E(u}.'l £ d(s (w) S (x3u)) + (5 {10} 5 (yiw)) + dhnl.'x;m]l.an{:.r s} ).

The first two terms on the right can be made arbitrarily small by choosing n
sufficiently large. The last term can be made arbitrarily small by virtue

of Lemma 2. O.E.D.

"\
Lat El denote the set of formal objlects [.‘-',-I-'h';{.'l.t AL cas } whare all

possibla sequences of plus and minus signs are included. For 2 <A <=,

12
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denote a subset of the real numbors by

B, = {=(w) |we Q}. (19)

-
Then Theorem 1 provides us with an {dentification mapping nn:m:.%‘;,L onto El'

We afmply introduce the notation |

s@) =1 + e ¥ (as e Oite e (20)

for the limit provided by the thoerem. Theorem 2 will tell us that the mapping |
is one-to-one when A*?, and in this case Theaorem 1 provides uas with am

invertible mapping from fl into B, according to & + s{w). It also shows how the

A

set ll can be calculated in practice.

Let us define Tk: L+ T by

le = {zdlji for ze &, {21) '
Let us also define T:1 + 0 to be the left shift operator: that is

Ttﬂl.ez.ea.---i = ‘*2"3'“&""} (22)
Noriee that § i5 an invariant set for T. The next theorem relates the action

of TE on El to the action of T on 1. It makes precise the type of correspondence

described by Fatou 710,523] for general rational transformations.



THEOREM 2. Let 2 < A < =. Then H;i.

we f,

T,s(u) = s(Tu). :

If A > 2, and if Wys W, € R with w, i-mz,ﬂ1en E(ml} # E{mil.

Proof. Since Tl:I + [ 15 continuous we have

T, s(w) = Ei: T, 8 (x3u)

for any x ¢ I and any we 2. But forn 21
" 2
T, 8 (x5u) = umllﬁm-z e ere (7)))-1)
= A+ e:,/ﬁhj (eente %)) = 8 (Tuix)
whence

T, su) = Lin 5 (Tusx) = (T

==

This proves (23) and in particular that TA:B}. * ]!:,Li

ig an invariant set for T.i';' and for any

(23}

(24)

{25)

(26)

IJ.

Now suppose W, o, € 0 with iy # mi. and without loss of generality suppose

wy = (egaepttrie b a0 0ttt )y
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and

Y A

mE B {El'EE'.-"Euﬂl’_I'EErH_'En-I-I’”lJ. {»2?}
h'l _1_ { I'I'I} = d {".' = I'-I-!: ::‘II"I
e ST S i RS LAY e
Then
'J:;'1 5 (w) = st ) = A+ s ,
and
L g = et L) = 2 - Vel (28)

Since both = (w) and 5{3} both belong to I and 0 ¢ I when & > 2 we conclude

that uhy ¢ MI and A >2 implies T:_l R{ml} # T:rl B{uzl for some n, which in

turn implies E{mlj * sfmz}. Q-E.D.

We consider next what the set El looks like. Let us define inductively

real points xE“.'l for ne {0,1,2,%**} and ’-E{I-E-"‘.inﬂl by
Hfﬂl o Ao & Iéﬂ] - A6

and for e (1,2, } and ke (L2037




Lonk cn'ﬁ" s
k-1 1 i
ptm (n-1) :

2k E -Ek-!-l "
(n) {n-1)

X -k [
k-142" | *2i-1

g™ = )+ 'Hg;_”
242"

For example, on taking n =k =1 in (30) we obtaln

(31)

(1) ,h:u: (1) =(ar A1) T 8 el )
Xy =‘}L—x2 Xy -l—j:tl v Xq =4 fX. K, —h+ﬁ2

For ne 10,1,2,°**) we introduce the notation

Iﬂ
(n) _ (n) {n)
I U [Hyp s By 1. {32)
i=1
Notice that IO = I,

LEMMA & Let 2} € =, wefl, xe I, andme 0,1,2,-++}. Then

gnh:;m) £ I.ﬁ.:b for all n zm. In particular, s{w) € [{u}.

Proof. First we prove that for all xe 1 and we ll
s, Grsu) ¢ 1V, (33)

This 1s achieved by induction. It is true for =m0 by Lemma 1. Assumé that
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it 18 true for all me« {0,1,2,-++,8]} for some nonnegative integer N. Observe

that for soma EEH either (i) ER+1{x;m} = 2 + fﬁH{u;E} s or [11) Bn+1{x:3h =

1"f$H[E;E}- Applying the inductive hypathesis in case (i) we have
N N

2 3
E {x m} e O rxgﬂjl Ekj} whence o0 (x,mﬁ £ 0 f1{H+l} N41® K{H+l;+l]
k=1 k—l 2k-1+2 2et2
and similarly in case (11) we find 5 {x+mj E H [H§E+lj, I:lﬁH'lj:I]. In both
k=1 e
cases we have (33) withm =N+ 1. This proves {33}.
How let n 2 m and notice that for some W« §I
fy
snix;m} - amfan_m{x:m};mﬂ. (34)

Notieing that En_-Ex;E& € I and applying (33) we obtain En[x;m} £ I{-J.
{m)

Taking the limit a8 n + = and using the compactness of 1 we obtain

S(w) € 1{']'. Q.E.D.

We will say that a set of points i a Cantor set i{f it is compact, non-
denumerable, and containg no intervals. A set is perfect if every element iz a
limit point of other members of the set and the set containa all of fts limle
points. The following theorem summarizes the structure of Bl when 2 € ) < =,
Our proof that the Lebesgue measure Is zero makes direct use of the distance
Funcelon d(x,¥), and is considerable simpler than other approaches - see for
example [7, Theorem 10.2]. It also propares the way for the calculation of the

Hausdorff dimension.

THEOREM 3. For 2. € 4 < m; 31 is a Cantor set with Lebosgue measure for zero.

For 2 < A <=, Bl is compact and perfect.
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Proof. That BFL 18 uncowntahle follows from the fact that @ is wneountable and
the mapping 5:0 + B is one-to-one, whem A > 2.

A
(m)

By virtue of Lemma & the sat I provides a covering for Bl' Let

ne {1,2,3,*++}. Then using (30) and exploiting the symmetry of the sat

{ () 21'|.'I'1 3
‘HE. ]'1_1 about the point A we have

n

2 {n) (n}
iJII:n:I Al E d{lzi_llxiﬂr )
=1
i
iz 1 arxt™ W

k=1 = Zk=I+2" Zi42”

1"_1

3 § dfA+ xgi:i]. A+ !H%E_l} )
k=1

-1

2
(2p) kil arade L) 48 Dy

1%

(2p) ur**"L, (35)

where the inequality comes from Lemma 2 and 0 < 2p <1 because A > 2. Using

induction in this case we conclude that

(o)

1™ o ut (36)

i

and hence that 1.|H|;'l = 0, Thus when A > 2 the Lebesgue measure of E.?'l must ba

zero because Lebesgue measure is absolutely continuous with respect to W.

Kext we prove that Bl is compact for 2 < A <=, Clearly

: n=1

; 1s bounded, so it suffices to prove that it is closed. Let {8(w )}
denote a Cauchy sequence in EJ." convergent to X* ¢ WM. We must show that

K% e B,. But the sequence {un]-:_l in 2 contains an infinite subsequence,
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also denoted by {UnF:_I. which is convergent to some w* ¢ {}. By convergence
here we mean that glven any positive integer N there exists an integer Hh
such that the first N components of iy and w* dre the same for all mn =2 HH_

But now it readily follows that {sﬁﬁu}]:_l converges to s(w*) whence X* =

=(w*) € B, as desired. In a similar manner, the fact that R is perfect

implies that property for 31' 0.E.D.

THEOREM 4. For A*>2 the Hausdorff dimension of Bl is bounded above by the number

: o 3 (a7

A - 23 a

Va

En EE—A

Froof This follows the same lines as [6, Theorem 12.2], except that here we
ise the distance funetion d(x,y) in place of |x-y|, these being equivalent metrics

when A*2. We consider the family of coverings {:g;ii,xés'}ll = 1;2-"‘.2"}

forme {1,2,3,+++], and let

ah

H@ = T @0 rerocaca, (38)
Then
H . (0) < (207) H_(a), (39)

from which 1t follows that 1im Huﬁa} will be finite 1f Epu < 1, which corresponds

1 B

too > {5“'%ifﬂﬂ P+ This implies that (in %ﬂfﬂnﬂ 18 an upper bound to the

Hausdorff dimension of El' Q.E.D.

Brolin has given the following upper bounds for the Hausforff dimension

of B,:
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in 2 , valid for A > 2 4+ 2, (40)

T 22h - W7
and

- 502 - valid for 2 < 3,4 b. (41)

1/2 2
exp 60 (2n (122 5—3'- ¥) }+ En 2

Our bound (37) improves over both of these, where they apply. We note that
for & = 5, (37) yields the upper bound 0.564 whilst (40} gives 0,636, Thus
our bound is good enough, at & = 5, to distinguish Hl from the classical ternary
set of Cantor, whose Hausdorff dimension is In 2/kan 3 = 0.631, [15].

Our next objective is the construction of an invariant measure for T,,
supported upon By. Brolin also has given a comstructiom for the measure, but
using a different sequenceé of approximating measures. Ours will turn out (Section

2.3) to be comnected directly with the associated orthegonal polynomials.

Lat

= {s(h)|ee 8} forne {1,2,3, 1 (42)

Then Kﬂ containg 20 distinet points which we denote by {T;“}}I -1 these

]

being crdered so that

S L IPTREOR L (43)
n
E -
Recall the set of points {H{n 1:}2 which were introduced in connection with

i J-1-

Lemma 4. It is mot hard te see that

IT‘“’ i,.‘.'I.'n'.i] a {n-1) uJ].

(X1 +Xoy {44)

k-1

which Fact we will find vseful in what follows.

We define a family of distribution functions by




e
nnl.'x}l 0 :IrcIK Hx-¥), xe R, ne H.E.],-”]" (45)
n

whera

0 whem =x. =0,
B(x) = (46)

1 when x >0,
These distributions can be reexpressed
1
'IJ'“{:I'I:] - T [ Humber of members of ﬂn which are less than =]
2

= [Pl:r:.pu:urt_luu of members of F‘n which are less than x]. {(47)

LEMMA 5 For 2 <A < = the sequence {nntx} 1-; converges to a continuous

distribution function O(x), uniformly for = ¢ R.
Proof. We have

lotd - e 0] =] T ey - 1§ 02

2 :.I":Ki_I E'HTH_]-
3

——1 i qtug) (48)

2 s< §

n

where
Y :

glx,s) = |0{x-8(1)) -7 8(x-8(2 + 2 ) _% B(x-8() - VT )} |. (49)
The two numbers s(A £y/X) are the endpoints of an interval [Tgri} ,Ygiﬂ-l}]

for some k, and we find =




22

0 when x ¢ {—W.‘fg::}_}] 7] LTE:H'} ),
ql{x,s8) = (n+1) (1) (50)
k when x ¢ “Ek—l 'YEIL -
(1) (n¥l) n
Since the intervals ETEk-l ,sz ] for ke {1,2,#++,2} are disjoint and

aince each & ﬁn leads to a different interval, we conclude from (48 that

1
1{.'-:}| M for all x ¢ R. (51)

g {x) -
ER 7

a
ot
Hence {ﬂn{n}l is a Cauchy sequence which converges to some function o(x),
uniformly for xeR. Clearly oO(x) is monotone nondecreasing and

0 for xsX - Ja ,

af{x) = {52)
1 for = _= 4.

To prove the continuity of 0 at x we observe that

(53
lotx) - ot ] < Jatx) - o )] + lo_) - o (] + o, - aln].

Let € > 0 be given and fix o 86 that simultantously I-EF{::] - un{u.:}l < gf4 for

all xR and 1/2% < g£f2. Without loss of generality let x < ¥ and notice that

1
g (x) -~aly) ~— | {(0fx-2) - O(y-2)}. (34)
1] (4] 111. Eﬂn

But

0 when ze (—==,%x]1 u (y,=),
B{x-z) - O{y-z) = '
1 when 2« (x,v], (35)

=
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s0 1f we choose § > 0 so small that the Interval (x—&,x#4] contains at most

one point of the set B:n, then

lo(x) - a ()] = 1/2% <ef2 forally € (x-8,x+] (56)

[a(x) - oty)| <€ for all y ¢ (x-&,xt]. Q.E.D. (57)

BEMARK: The distribution function 0{x) is associated with the set Bl in
i MG o ﬂg“y_ extsts and equals zero for all x¢ By, Thus 0(x)
does pot Increase for x outside the set B?'I+

Praviously we showed E:" to be an invariant set for TJ‘.' We now show how
o(x) provides an invariant measure for T.'i.' Since 9(x) is continuous and mono=-

tone increasing we have from [20] (Ch. 12 Prop. 12) that there is a unique

Borel measure, which for economy of notation we denote by O, such that
ofg,d] = ao{d) - alc) (58)

for all c < d inR. We denote the corresponding Borel measurable subsets

of R by B so that (R,B,J0) is a measure space. For E& B we will use the
notation
oE = [ do(x). (59)
E

Hotice that 0L = 1 and that we could {f wished restrict attention to (I,B,0)

rather than (R,B,0).



THEOREM 5 For A =2 the measure O is Invarifant under T,. That 1s, for each

|
Ee B, .
ok = ot} lE. (60)
In particular, for all measurable functions £,
J fx)ao(x) = [ E(Tx) dofx). (61)
E TilE

Proof. We begin by proving that 0 obeyse (60) when E = (c,d] ig an interval.

In this ease from Lemma 5 we have

of = Lim [ do_(x) = Lim g E. b L
o E e

Here O_E = % [Number of elements in Eﬂ i E].. To each element ¥ of l.".n nE
2
=1,
there corresponds exactly two elements A —ﬁ and A + ¥y of Hn-l-l i Tl E, and

these two elements correspond to no other element of “n n E than ¥. Accordingly

n n+l

1 g | } -1
E = ——==— - 653
) 2 Number of elements of Knﬂ nT B a1 1’1 E, (63)

gnd from (62}

OE = Lim O_ T e (64)
n—lﬂ
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This proves (60) in the case where E is an interval. To extend the result to

an erbitrary member of B we notice that & new measure on B can be defined by

WE =y TE (65)

Then sinece p and | agree on all intervals their extensions to all of B must

agree, which is precisely (60).

It suffices to prove (61) in the case where f(x) = IE(I} is the charac-
teristic function of the set Ec B for then it is true also for simple functions
(which are Finite Iinear combinations of characteristic functions) and finally,
by :I_nsur:a,.i: ts true for all measurable functions. Observing that I _]_E{:lt}

- IE{TAH'.], we have Ti

=1
_{tE{x} do(x) = gE = oT E = fIT_lE{H} do(x) = _IIE{le} da(x). (66)
A 0.E.D.
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EX. 3 _‘[aumnrﬂh}sms and EIEEIIﬂ'].E propecties.

Let (f1,F,\) denote a probability measure space. That {s, II {3 an
underlying set of points, F is a sigma-algebra of subsets of [l such that
fle F, and v i5 a countably additlve measure such that w({I) = 1. Let T
be a transformation of 0l into itself which preserves the measure V. Then
we refer ta {(R,F,v,T) as a system. For example, Theorem 5 tells us that
':H'B‘H'TH‘:' is a system.

In order to describe more fully than heretnfmle the nature of the action
of Tl on Bl we need the concept of isomorphic systems. We recall the defini-
tton given by Billingsley [5] of an isomorphism between two systems ({,F,v,T)
and (0,F,v,T).

Definitfon. Suppose there exist seta ﬂu in F and ﬁ;] in P, each of measure 1,

and a wapping § of Hb onto E%. with the following properties.
(1) The mapping $ is one-to-one.
(1) IfEAe R and A = A, then A < F if and only if AeFie ¢
is bimeasurable), in which case vA = VA

- 1
(iii) We have ﬂﬂ A & 11.10, ﬁg c l'"l"h ?10' and
$Tw = Téw for all w e 2,- (1)

In this case we say that (R,F,v,T) and (0,F,v.7T) ar;! Isomorphic.

There are two ways in which {somorphisms between systems can be used.
They can be used te caleulate the entropy of a given system and to determine
whether or not the system {s mixing or ergodie, because such properties are
invariant under isomorphism. They can also be used to provide a conceptually
simpler or more familiar replacement for an apparently alien system. We will

exploit both of these ideas in what faollows.
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We deffne the measure space (BL,E.E] to ba the projection of (H,H,0) onto
BA as follows. We define B to be the set of all subsets E of B such that

E = EnB, for some E e B. That is

B = {E =~ EnB, |EcB]. (2)

For Ee¢ BwithE=E n El and E« B we define the measure E'hy

ok = oE, (3

It is readily verified that 7 is well defined, for (f E By nly =

A

E UEEE f 31} =

o N By then OB, = o(E, n B,) + a(E, n BE} = a(g, nB,)
Q{EE n ERJ + H{EE n B;} - UEE. The superscript c m;ana the complement is
taken. It is straightforward to prove that {Bl'E'E} FﬂnﬂtitutEH B maasure
space and that 0 is invariant under Th' 4s a simple example of isomorphism
we have the following result.

LE b, For 2 £ A <« =, The two systems ﬂR,H,U,TL} and (EL'E'E'TEJ ara

izsomorphic.

Proof. We simply apply the definition of isomorphism taking (&,F,V,T) to be

m,a.n,rﬁl} and (o, F,v,T) to be {Bl,ﬁ,a.rlj. Then we set “u - ]1:.. = ?i and take

0
§"to be the identity map. Q.E.D.

Now let & he as defined earlier, just above equation (13) in §2.1. We define

the cylinder subsets of 0 by




efd ,i Y {uxﬂ|mi -fms s n+k} (4)

et
where 1& £ {D,l} is gilven for L c{n,n+L,-*-,n+k}. We use the notation F for
the smallest sigma-algebra which contains all of the cylinder subsets. Than
there exists a unique countably additive measure £ on C such that

Ef_'{inii ".‘i.

n+l* ) otk

for ke {0,1,2,7*-)}. Here let T denote the left shift operator om i as
defined in {22). Then it is well known that (%,C,£,T) is a system; in
particular £ is invariant under T. This system is discussed at some length
by Billingsley [5]. It is known to be ergodic, mixing, and to have entropy
+ En2, Moreover, it is known to be isomorphic to the diadic transformaticn
an the interval [0,1) (Borel subsets, Lebesgue measure) defined by
Tk = ?xmod 1, Our main result, however, is contained in Theorem 3,
which relates the A-dependent system {Bl,i,E,TL? to the A-independent system
(1,C.E,T).
Before stating the next theorem, we recall some definitions. Let
¢Q,F,v,T) be a system. Then T is ergodic means that whenever A e F 1s
invarfant nder T, (i.2. A = T-lﬁ]. then w(A) = 0, or 1. The Ergodic

n=1
Thenrem states that im this case, 1f f 1s integrable, Lim % E f{Tkm}
[+ k=0

exists and equals [fdy, for almost all wefl. T is mixing means

Lim U{EHT_“B} = wiA)W(B) whenever A,B & F. The Eﬂ!rﬂpj of a finite field
fi-wcm

G is defined by H{G) = - Ju(A)En w(A), where the summation extends

gver the atoms of A. The entropy of a finite field G relative to T is h(G,T)} =

1 n-l o n-1 4
Lim h H{ ¥ T - G). (The atoms ¢f )] T € are obtained by intersecting those of
e k=0 k=0

egach of T.kﬂ, ke {0,1,2,+++,n-1}). Finally, the entropy of T is h(T) = sup h{C,T),
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where the supremum extends over all finite subfields G of F Eolmogoroy

showed that the entropy of a system is invariant under isomorphism.

k
¢

THEOREM 6, For 2 < A < = the systems I:,'H.H-,G.TA}. EEl’E‘E'Tl}' (t,c,E,T), and
([0,1], Borel subsets, Lebesgue measure, diadic transformation) are all iso-
morphie, In particular, each system is ergodic, mixing, and has entropy equal

to fn2.

Proof. Once we have established that {BA'E’E'TL} and (R,C,E,T) are isomorphic
systems the rest of the theorem follows at once from the previously mentloned
isomorphisms, (isomorphism i{s transitive), together with the fact that the

ergodic property, the entropy, and the mixing property are all invariant under

lsomorphliam. The stated properties are well known for (I,C,E.T).

We will prove that an isomorphism between {Bh,ﬁ_,i,'[‘l] and (R,C,E,T) 18
furnished by the mapping 5:0 = Bl. which was introduged followlng equation
(20). We have already shown this mapping to be invertible whem X >2 and we
will use the notation E_I:Eﬁ. +§i for its inverse. We clearly satisfy part
(i) 1f the definition of isomorphism. We next prove (ifi). To achiesve this
we must make an implication In each of two directions. First we show that

(ii)(a) If AeC then 5{A) ¢ B and EA = O(s5(&)).

It sufficeg to prove this assertion when & = 'EU_K] is & thin cylinder subset
of C, for cach positive integer K, becaose these cylinders generate the whole

of C. But E-IEHK}} 15 the set of points in B, which take the form

A

1tﬁ11ﬁf---+1ﬂﬁlimtu- {6)
'I K places fr

whera only i, € {-1,41} 1a fixed. This is just the set of all points of the

form




an

S(A+ iﬁ'u"'EI[m] Y B« Fx—l‘ we B, {7

which in turn is identical with the intersectien between B?. and set consisting
of the ik'l closed intervals {I{S) |SE !'H—-ll where I{5) has as its endpoints

the nmumbers

s(h+ 1% -va) and s{.‘-,+1xﬁ} (&)

fﬂr o S E i = ijt iE

K=1"

S{:{:IR}J = {s;s I)}E n B, - (9)
K-1

The countable union of intervals here 18 a member E of B =0

S(e(i)) = EnB, = Ee Eh. (10)

To complete the proof of (i1)(a) we must show that

EI:HE:* = oF,

(11)
On tﬁf one hand here we have £ c{iR} = L& from (5), On the other hand
OE = 0E = Lim % {# of points of K, that lie in E]
o 2
-Iti.i:E—:- [k n E| (12)

1 1
EutzT [k, nE| ._EE_|.;“n{u 1{s)}| = % for all a > K.

This completes
EEEE_I
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the proaf of (i1i)(a). We must now prove that

(i)(b) IFE is in B then Sul{f} £ C and Iil{_E]

1]
k)

(E).

It suffices to prove this when

E =[e,dl n By, (13)

where [e,d] f& an arbitrary real closed Interval. In this case E is compact
4o it has a smallest member, and & largest member, which can be written
E{c..;ljl and 5{{._-.2}. respactively for some Uy and uw, in fi. Let

c, - {L;:Isﬂ'ﬂﬂ_'n:ll} - Eﬂ[m'x} < 8(uw,) for all xe Hl.}' (14)
Then it is readily shown that

C < {:n-l-l c cn+2 Coeese (15)

Slightly less obvious is the identitcy

[l
=1 .=
SE) = {u c}u {u,u,l (16)
n=1
We show that this is I{ndeed true. Suppose W belongs to the right-hand-side
of (16) but that r.u:*ul and u‘“l" for in these latter cases it is Immediate that

S{w) ¢ E. Then w e C_,4 [oF some Finite integer n and all nonnegative integers

k
k. Hence Etml:] < En+k{u}.:} < E{mz] for a1l k and all x ¢ BJ'!. which implies
Etml} £ Blw) = E{uzl. Hence w E-I{E}. Conversely, suppose & € S_I{E].

Then S{w) € [HI:LuILEI:uI-I',i]. If W) OF L, then W belongs to the right-hand=

side of (16) as desired. 5o assuming mﬁdl and -Illil‘-ll.ll2 we hawve E{MI:‘. < §(w) < E{MI].

How choose N so large thaet for all n = B we have

[8_(w,x) - S| < Min{]S(2)-5Cu)) |, [SCu)-SCwy)|) (17)
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for all x e Bl. Then for all n” N we have that wEﬂn whence it belongs to Che

right-hand-side of (16).

How that (16) is established we have that 5_1EE} {s & countable union
L

of cylinder sets because this 18 true of both w, and u.tz,. and each {:u is

i
frself clearly a cylinder set. Hence § 1(E)¢ € which is what we wanted.

It remafns for us to show that

3(E) = 5. (18)
Haxra
W) - kﬂz% K0 (SG)),500,)))] (19)

= Lim —— [number of distinct first m components possible for we 0
noe 2
such that 5{w,) s § (w, & ) s simh}}

On the ather hand

£5 (E) = E U C =Lim EC  (by virtue of (15)) {20)

n:]_ it

;i: E{ue ﬂ|$l:r.|.|-1} < En'{r...t;r.] < 5{:.11} for all x ¢ HJ;

= 1imy —iﬂ-{numhar of distinct first n components possible for e (2
i guch that E{ml] b En{m,ﬂ £ Sl',mi} For all x ¢ H:I,']'

But since each of the intervals {E“IM;x}[x €1} is disjoint from all of the
athers, each interval contains exactly one point of the form EH{M. 1) and con-

versely each such point is contained in only one interval. Hence the numbers
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inside the curly brackets in (19) and (20) differ by at most two, and we have
the desired equality between (19) and (20) in the limit as n*®. This completes
the proof of (ii)(bh). o'}

Finally we must prove that

CT_

(111) B &

B e T‘lﬂ. and S(Tw) = T, (5{w)) (21)

X At

But these were proved in the previous section; in partieular (21) here is

(23) there. Q.E.D.

REMARE {BA'E'E'TA} is also isomorphic to the transformation Tuz = 2* on

the unit circle with circular Lebesgue measure. This is true because the
latter system is isomorphic to thE.Biadic transformation on the unit interwval,
gee B1llingsley [5] (Chapter 2). In this way we obtain & comnection betwean
the system for X >2 and the system which exists for A=0.

There existe a natural ordering on the members of I, Imn the sequence
for a member of & one replaces -1 by 0 wherever it occurs; i is then naturally
ordered by treating the resulting dladlec sequences just as though they were
binary representations of real numbers, but with the distinction that any
binary expansion which has a tail of type form ***0 1 1 1 1 l=®*e=es
fs not to be identified with the same number whose tall has been altered to
-+++ 100000 =*++ . Rather, we will say that the latter is strietly
larger l:ha"l.; the former. This ordering of fl provides for A>2 an ordering om
By. We will write @, { ®, to mean that &, € @ is less than U, ¢ @ in this
ordecing.

There exists a second ordering upon W and By, One can order the members

of @ aceording to the ordering of By treated as a subset of the real line,
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We will write ml <mz to mean that ml £ il ig lesa than w

The connection between the two different orderings is provided by an

invertible mapping $:{1 + §l. For w = {EI.EI,EEHF}{ I we hava

Itltw} - {Elrairaj'---} Hhtrt

E = op g @& _treg = B g = ]
n L

Z°3 n a-1 o a - (23)
For example,
P01, =1,1,=1. 3,1, 0%} = tl:'ll'ltllllllli"'}‘
(23)

The inverse mapping #-l:ﬂ-hﬂ ia given by
-1
L {sl,s

:IHBI-'.:' = :EEHJ_I'HIEEISEHHI*--} {EE‘}

It 15 straightforward to prove that

wy o w, 1EE Olwg) < dlw,). (23)

2 & 1 in this ordering.
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2.3 Orthogonal Polynomials

One way of charvacterizing the invariant measure U whem 2 £ 3 <=

is by means of the associated set of monie orthogomal polynomials. We
]

denote this set by {Pﬂ{:}}n__l whare P_l{1} 0. Form 20, Pﬂ{x} has

degree n and the coefficient of x" is unity. The polynomials obey

JP (x) P (x) do(x) = O for n # m. (1)
I @ m

There are several rezsons for Interest in these polynomisls. One 1s
that, as we will see; cthey are related to the Tchebycheff polynomials

. =T
anEx} = cos{n cos I]}nnﬂ according to

Lia FG) =21 (Fx-D) (2)
Thus they provide ‘an intereésting generalization of the Tchebycheff polynomials.
We note that the latter are the only Family of i’: hypergeometric polynomials
which are mapped into themselves under the change of variable x + {x-1}2+
More generally one would like a delineation of those fasmilies of monic
orthoegenal polynomials which are invariant under x -+ {:—1}1.

The polynomials {PnE:}}:=_1 are also of Interest becauge thelr measure
is totally singular (it has no absolutely contimwus part and no discrete jumps).
To what extent does the singolarity of thelr messure show up in their structure?
In particular, is it possible via these polynomials to &ﬂEtrlhﬂ.l Jacobi matrix

(or any other self-adjoint operator) whose spectral density function is

f“dd? One would like finally to have on hand an explieit physical model associated

—




b

with 0. We go a fair distance towards these oblectives: we provide relations
which allow all of the polynomisls {Pn{H}}:n_l to be ealculated, and we
present certain unusual identities among Fh& coefficients in the associated
three term recurrence relation. We also display explicit formulas for

Pin[x} and P, {x), and note that the zeros of these polynomials can be

-zl'l.

written down. This may have a bearing on the problem of the determination

both of the fixed points of T' for positive integer values of m, and also

of the critical values of } at which the real orbits under go bifurcation.
Let us introduce a second set of monic orthogonal polynomials

{Qntxl}:=_l where Q_ltx} =0, Forn 20, qn{x} has desree n and the coef-

ficient of x" is unity. The polynomials cbey

{ Q_ (x)Q_(x)xd (x)} = 0 for nfa. (3)

Then we will need the following result [8,12]. We include a proof since this

18 helpful towards understanding what follows.

LEMMA 7 Formn 2D and 2 5 A <=

Q (x) = B, (x) - B, (0) B_(x)/E_(0)]. ()

Proof: First notice that the right-hand-=ide of (4) is always well-defined
because ?n[ﬂ] $# 0. This follows [rom the fact that the zeros of Fn{x] are
confined to the interior of I which is the support of the measure. Now
notice that the right-hand-side of (4) is a monic polynomial of degree n.

Finally observe that for n >m 2 0



